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CHAPTER I. INTRODUCTION 
During the past few decades agricultural economists have 
devoted much time and energy to the economic analysis of live­
stock rations. Their methodology has ranged from relatively 
simple two-input models based on classical production theory 
to mathematical programming models that incorporate animal 
response and permit the use of many feed ingredients in 
ration formulation. Almost every commercial farm animal has 
been studied, ranging from beef cattle and milk to pork and 
broiler production. One notable exception is the laying hen, 
the subject of this study. 
Basically, animal products are of two kinds; meat which 
is harvested as a stock when the animal is killed, and 
products such as milk and eggs that are given off as a flow 
during the life of the animal. Flow products add a new 
dimension to output and complicate response analysis to some 
extent. Hens or cows may gain or lose weight during their 
production cycle and it is difficult to properly allocate feed 
inputs to such joint outputs. Economic theory offers a 
production model within which technically interdependent 
outputs may be analyzed (31). However, because of the limi­
tations of the joint products i,.odel and the economic in­
significance of the body weight gain of a hen compared with 
her egg output, the single-output two-variable-input model 
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1 is chosen for this analysis. 
Some of the earliest production function studies of 
animal science experiments (26) and linear programming formu­
lations of least cost rations (45) were done for dairy cows. 
Why then was the nutrition of the laying flock virtually 
ignored by economists? Perhaps this omission is explained 
by the relatively late development of modern egg production 
technology. Under the range system of management the farm 
laying flock by and large assumed the role of scavengers and 
ration formulation received minimal attention. Poultry 
scientists traditionally estimated protein and other nutrient 
requirements of laying hens on the basis of maximum egg 
production. The implied assumption in this approach is that 
maximum production is synonymous with optimum production. 
With the rapid growth and commercialization of the poultry 
industry a plea has recently been made for an economic 
criterion as basis for ration formulation (18). Given the 
profit margins cypical of cno industry and the importance of 
feed in uronucr.ion costs, such a criterion seems long overdue. 
Some idea oE the typo or profit margins and cost 
^Altornativeiy, we could assume as an approximation that 
meat: and eggs are produced in a fixed proportion; q-/q2 - k. 
Then, defining a compound unit of output as k units of and 
1 unit of Q2 with a price of (kpj_ + P2) we can treat the 
problem in the single output framework. 
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relationships in egg production can be got from examining 
the results of Iowa demonstration flock reports (41). These 
reports are collected annually by the Cooperative Extension 
Service at Iowa State University. Table 1.1 summarizes the 
results of such reports for 1966 through 1968. In 1968, 
completed records were obtained from 13 flocks with a total 
of 43,000 layers. About half of these birds were housed in 
cages. The last line of Table 1.1 shows that returns to labor 
and management averaged 2.54 per dozen marketable eggs in 
1968 but ranged from -4.54 to 7.6* per dozen. Average rm-
turns for 1966 and 1967 were 7.7* and -1.5* respectively. 
Egg prices varied widely between years and also from farm 
to farm, the latter being largely due to a quality incentive 
program currently operating in lowa.^ Average expenses 
excluding labor did not vary much between years but the varia­
tion among farms in 196 8 was very large. Feed was the largest 
single component of cost, accounting for 55 to 60 percent 
of all expenses excluding labor. Even if labor ic included 
feed accounts for 50 to 55 percent of costs. Feed cost 
per 100 pounds was, on the average, quite similar between 
years but varied widely from farm to farm. This inter-farm 
variation is caused by many factors but no doubt reflects 
^This program is explained by Eggleton (17). Normally, 
eggs bought under incentive or premium programs are refriger­
ated at the farm and command a higher price. 
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Table 1.1. Summary of Iowa demonstration flock reports 
1966-1968 
T, TT • 4- Averages 1968 Range 
Item Unit iggg 1967 1968 
Number of flocks number 29 16 13 
Number of birds per 
flock number 2,640 2,784 3,306 541 9,710 
Mortality percent 13.65 12.09 11.66 4.32 26.79 
Eggs laid per bird 
per year number 242 244 242 224 271 
Marketable eggs per 
bird dozen 19.9 20.4 19.8 18.1 21.7 
Floor space per bird sq/ft 1.21 1.11 1.04 0.83 1.77 
Labor per bird per 
year man/hrs 0.41 0.29 0.28 0.18 1.01 
Feed per bird per 
year pounds 89.4 85.9 82.8 76.3 96.7 
Feed per dozen eggs pounds 4.43 4.23 4.11 3.50 5.05 
Feed cost per 100 
pounds dollars 3.50 3.48 3.48 2.92 4.14 
Feed cost per bird dollars 3.13 2.99 2.88 2.38 3.42 
Housing cost per bird dollars 3.86 3.89 3.91 1.62 8.28 
Expenses per dozen marketable , aç-gs: 
Feed cents 15.7 14.7 14.6 11.3 18.9 
Bird depreciation cents 7.1 6.8 6.9 3.7 8.8 
House and equipment 
depreciation cents 1.7 1.7 1.7 0.7 4.1 
Interest on investment cents 1.0 1.0 1.0 0.6 1.5 
Miscellaneous cents 1.0 0.8 1.8 0.0 5.8 
All expenses except 
labor 2 o - 3 2 5 - G c JL V * V 20.6 32.2 
Price received per 
dozen eggs cents 34.2 23.5 28.5 25.4 34.4 
Profit per dozen 
eggs cents 7.7 -1.5 2.5 -4.5 7.6 
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large nutritional differences among rations. Of course, the 
figures in these reports come from a small sample and are not 
expected to reflect averages for the State of Iowa. Never­
theless, from an examination of Table 1.1 and the individual 
farm reports, it is obvious that considerable scope exists 
for improved ration formulation and its application in Iowa 
egg production. 
This study uses experimental data from the Department 
of Poultry Science at Iowa State University to estimate egg 
production functions. Chapter II describes the experiment and 
presents an analysis of the results for the whole experimental 
period. These overall results are shown by two-way tables of 
means and analysis of variance techniques. Chapter III intro­
duces the seasonality of egg production and uses stepwise 
regression to explain the production pattern over time. Egg 
production functions are estimated in Chapter IV. Both over­
all functions for the 2 80-day experimental period and func­
tions that include time as s vn-riahlR are derived. Statistical 
problems of estimation are discussed in Chapter V. An attempt 
is made to correct for possible violations of least-squares 
assumptions and alternative functions are proposed. Chapter 
VI deals with the economic analysis of these estimated func­
tions and discusses the implications for laying hen nutrition. 
Chapter VII presents a summary of the study, conclusions and 
suggestions for future research. 
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CHAPTER II. EXPERIMENTAL ANALYSIS 
Introduction 
Data for this study are from an experiment conducted by 
the Department of Poultry Science at Iowa State University. 
Experiment number 729 was begun in October 1967 and ran for 
ten consecutive 28-day periods. It was one of a series of 
experiments dealing with the protein requirement of laying hens 
and factors that affect it. This particular experiment 
treated cage density of birds as such a factor. To put this 
experiment in perspective a brief review of current thought 
on protein requirement and cage management follows. 
Two distinct questions on cage housing of layers are of 
interest. First, what is the effect on egg production of 
single versus multiple housing? Second, what is the effect 
of cage space per hen per se? Tower and Roy (44) reported on 
experiments designed to answer the first of these questions. 
Floor space was held constant at 0.625 sq ft and trough space 
at 5 linear inches par bird for the whole experimental period. 
Treatments consisted of 1,2,5,10 and 20 birds per cage and 
the experiment ran for eleven 30-day periods- Analyses of 
variance on twenty-two variables showed only body weight gain 
and percentage eggs broken significant at the 1% level. Both 
increased as the number of birds per cage increased. Egg 
production, feed consumption and mortality were not affected 
by the number of birds per cage when space per bird was held 
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constant. 
The effects of bird density (sq ft of cage floor space 
per bird) have been studied by many authors (8, 36, 48). In 
general, these studies show that decreasing cage space per 
bird results in lower production and higher mortality. At 
least one study also reports lower body weight gains as 
space per bird decreases (48). Feed intake per bird was not 
affected in these experiments suggesting that trough space 
was still adequate even at the higher bird densities. 
The National Research Council (38) suggests a minimum of 
15% protein or 16.5 grams for a commercial type layer consuming 
one-quarter pound of feed per day. Though the Research 
Council's recommendations are often used as standard, many 
researchers have reported results that differ widely from them. 
For example. Bray (3) found that 11.5% protein, or about 11.3 
grams per bird per day, was sufficient for maximum egg produc­
tion though it was not sufficient for maximum egg weight or 
body weight gain. At tue otner exrreme, r-iilron and Ingrcuti 
(37) claim that under certain conditions such as high tempera­
tures, 18% protein may be necessary to achieve maximum egg 
production. 
Many researchers have stressed the importance of ex­
pressing protein and amino acid requirements on an absolute 
daily basis. Shapiro and Fisher (43) used feeding trials 
and nitrogen balance experiments to determine the quantity of 
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protein necessary for peak egg production. They estimated 
the minimum daily requirement per bird at 13-14 grams and 
the maximum at 16-17 grams. This emphasis on quantification 
and amino acid composition of proteins has led to the supple­
mentation of poultry diets with certain essential amino acids 
such as methionine. Another new facet has been the develop­
ment of high lysine corn in an effort to lower the cost of 
providing some of these essential nutrients. 
Many factors affect the protein requirement of layers. 
Some such as temperature, body size and energy content of the 
feed operate indirectly through their effect on feed intake. 
Others like stage of lay and age of the bird act more directly. 
In short/ the protein requirement of layer rations is a com­
plicated subject. Moreover, it is important economically 
since feed accounts for more than 50% of the cost of producing 
eggs and by and large it is the protein content that deter­
mines the price of feed. That poultry scientists have been 
well awarp. of its importance is evident from the concentration 
of research effort in this area by poultry nutritionists. 
Description of Experiment 729 
Design and treatments 
Treatments consisted of four protein levels (12, 14, 16, 
18% crude protein) and three cage densities (1,2,3 birds per 
10" X 16" cage). A set of four cages, allowing access to the 
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same feeding trough and egg collecting tray, formed the basic 
unit. Thus, each experimental unit initially consisted of 
four birds for one-per-cage, eight for two-per-cage, or 
twelve for three-per-cage housing- The treatments were ar­
ranged factorially in a completely randomized design with six 
replications per treatment. This gave a total of 72 experi­
mental units for the twelve treatment combinations. Alto­
gether, 288 cages and 576 birds were used in the experiment. 
The rations were basically corn and soybean meal combina­
tions with other ingredients held fixed among rations. Their 
composition is shown in Table 2.1. Soybean oil was added to 
keep the energy level constant whenever soybean meal was 
substituted for corn in raising the protein percentage. Thus 
the diets were isocaloric, calculated to contain 13 70 meta-
bolizable Calories per pound. Other ingredients remained 
fixed between rations and accounted for 12.8% of the total 
weight. With minor variations these latter items are common 
cons ti cueri ts of layer rations. Of this fixed group, 6% of 
the total ration was liir.&stone, 3% was fish meal and 2% was 
alfalfa meal, Limestone is an important source of calcium 
for the layiny hen.. ?ls% û.oal and alfalfa are primarily 
protein feeds but are usually included in small amounts be­
cause they are believed to improve production and egg quality.^ 
"'"Balloan, 3. L. Department of Poultry Science, Iowa 
State University, Ames, Iowa. Rations for Experiment 729. 
Private communication. 1969. 
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Table 2.1. Composition of rations in experiment 729 
Ingredients 
Calculated analysis 
Protein percentage 
Metabolizable Cal. per lb. 
Protein levels 
14% 16% 18% 
75. 5 70.0 64.4 
11.0 16.0 21.0 
3.0 3.0 3.0 
2.0 2.0 2.0 
1.0 1.0 1.0 
6.0 6.0 6.0 
0.3 0.3 0.3 
0.5 0.5 0.5 
0.7 1.2 1.8 
100.0 100.0 100.0 
11.85 13.86 15.60 17.73 
1370 1370 1370 1370 
Corn (8.6% protein) 81.0 
Soybean meal (4 8.0% protein) 6.0 
Fish meal (65.0% protein) 3.0 
Alfalfa meal (20.0% protein) 2.0 
Dicalcium phosphate 1.0 
Limestone 6.0 
Salt and trace minerals^ 0.3 
Vitamin mix^ 0.5 
Soybean oil 0.2 
Total 100.0 
^Supplies per pnund of ration: 
NaCl 1.2 grams Fe 15 mg 
Mn 37 mg Cu 2.5 mg 
Zn 20 mg I, 0.3 mg , 
D Supplies per pound of ration: 
Vitamin A 2,300 lU Choline 82 mg 
Vitamin D 900 lU Niacin 7 mg 
Vitamin ^ 2.3 meg Pantothenic acid 2.3 mg 
Methionine" 0.05 % Riboflavin 2.3 mg 
Results of Kjeldahl tests on pooled samples of each batch of 
feed are also shown in Table 2.1. They indicate that the 
actual protein levels were slightly lower than initially 
calculated for this experiment. 
Management and data recorded 
The birds used in this experiment were of commercial lay­
ing type and were purchased from a local supplier. At point of 
lay (approximately 20 weeks old) the pullets were weighed, 
debeaked and randomly assigned to the experimental units. 
An adjustment period of four weeks was allowed to enable the 
birds to adapt both to their cage environment and to the 
experimental diets. Lighting was restricted to 13 hours per 
day at the start of the experiment but was increased at the 
rate of 15 minutes every two weeks to a maximum of 17 hours 
per day. Food and water were available ad libitum. Heating 
and ventilation were both provided. Forced air exhaust 
fans were thermostatically controlled to maintain a minimum 
winter tempcr^t^re o 50"" Tr, sninmer. the fans were capable 
of moving a maximum of 5 cubic feet of air per hen per minute. 
Daily records were kept of egg production and mortality 
per experimental unit. Dead birds wore not replaced, so the 
mortality data were necessary for an accurate calculation of 
hen-days and livability index. Weight of eggs produced, 
average egg weight, and feed consumption per experimental 
unit were recorded on a 2 8-day basis. Average hen body weights 
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per experimental unit were recorded at the beginning and end 
of the experiment. 
Analysis of Experiment 729 
Overall results 
The overall results for the 2 80-day experimental period 
are shown in Table 2.2. Total egg production is, of course, 
related to the number of birds per treatment. Hence, total 
eggs per treatment for one-per-cage housing is approximately 
one-half that for two-per-cage and one-third that for three-
per-cage housing. A similar pattern holds for total weight 
of eggs produced and total feed consumed. One measure of 
production is given by the number of eggs produced per hen 
housed as in row four of the table. However, this does not 
consider the effects of mortality. To allow for mortality, 
egg production and feed consumption are expressed on a hen-day 
basis in rows six through eight. These figures are obtained by 
dividing the corresponding entries in rows one through three 
by the actual number of hen-days per treatment as given in 
row five. 
Feed conversion efficiency, which shows the average 
pounds of feed consumed per pound of eggs produced, is given 
in row nine. Row ten shows average egg weight in grams. This 
is followed by average hen body weight per treatment at the 
start of the experiment and weight gain per bird during the 
Table 2.2. Overall result,s of experiment 729 for the 280-day experimental period 
Qne-per-cage housing 
12% Protein 14% Protein 16% Protein 18% Protein 
Total eggs iiurnl^er 4829 4964 5009 4698 
Total eggs pounds 613.1 647.1 658.4 618. 5 
Total feed pounds 1467.2 1434.9 1408.0 1352.4 
Eggs per hen housed nuiTiIoer 201.2 206. 8 208.7 195.8 
Total hen-days number 6354 6674 6433 6370 
Eggs per hen-day number .7600 .7438 . 7786 .7375 
Eggs per hen-day pounds .0965 .0970 .1024 .0971 
Feed per hen-day pounds .2309 .2150 .2189 .2123 
Feed efficiency lb .feed/lb.eggs 2.39 2.22 2.14 2.19 
Av. egg weight grams 57.80 59.20 59.30 59.90 
Initial body wt. pounds 3.18 3.24 3.21 3.19 
Body wt» gain pounds 0. 80 0. 84 0.90 0.91 
Livability percent 94.55 99.32 95.73 94.79 
Table 2.2 (Continued) 
, , ^  . Two-per-cage housing 
variable unj.t 12% Protein 14% Protein 16% Protein 18% Protein 
Total eggs nuirtDor 8650 9384 9800 10386 
Total eggs pounds 1106.6 1215.3 1273.1 1335.8 
Total feed pounds 2835,6 2897.1 2758.8 2942.3 
Eggs per hen housed number 180.2 195.5 204. 2 216.4 
Total hen-days number 13029 13211 13022 13305 
Eggs per hen-day number .6639 .7103 .7526 .7806 
Eggs per hen-day pounds .0849 .0920 .0978 .1004 
Feed per hen-day pounds .2176 . 2193 .2119 . 2211 
Feed efficiency lb.feed/lb.eggs 2.56 2.38 2.17 2.20 
Av. egg weight grams 57.90 58.80 58. 80 58.40 
Initial body wt. pounds 3.20 3.10 3.19 3.15 
Body wt. gain pounds 0. 72 0.96 0.94 0.93 
Livability percent 96.94 98. 30 96.89 99. 00 
Table 2.2 (Continued) 
Three-per-cage housing 
12% Protein 14% Protein 16% Protein 18% Protein 
Total eggs number 13340 14147 13553 15028 
Total eggs pounds 1718.7 1829.4 1770.7 1955.4 
Total feed pounds 4315.6 4221.4 4028.5 4385.4 
Eggs per hen housed nunilTex' 185.3 196.5 193.1 208.7 
Total hen-days nuriibe:r 19500 19609 18519 19871 
Eggs per hen-day numbe;r' .6841 . 7215 .7318 .7563 
Eggs per hen-day pounds .0881 .0933 .0956 . 0984 
Feed per hen-day pounds. .2213 .2153 .2175 .2207 
Feed efficiency ib.feed/lb.eggs 2.51 2. 31 2.28 2.24 
Av. egg weight grams 58.50 58.70 59.00 59.00 
Initial body wt. poundîi 3.18 3.15 3.09 3.17 
Body wt. gain pounds 0.70 0. 88 1.01 0. 81 
Livability percent 96.73 97.27 91.86 98.57 
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experimental period. Final body weights are not shown since 
they equal initial weight plus weight gain. Finally, a 
livability index calculated as actual hen-days divided by 
potential hen-days is expressed on a percentage basis. This 
last line deserves further scrutiny since the handling of 
mortality can be crucial to the results of an egg laying 
experiment. We therefore digress briefly on this topic 
before further analysis of the results is undertaken. 
Mortality and its importance 
Poultry scientists have long reported mortality as the 
percentage of birds dying during the entire experimental 
period. For broilers, turkeys, or other meat animals this 
makes sense. A dead bird or meat animal is practically a 
total loss. However, for laying hen experiments percentage 
mortality is a very crude measure. Hens that die during the 
course of an experiment may already have produced several eggs. 
Hence a better measure of the true economic loss is given by 
the percentage hen-days losû. l'aiole 2.5 shows the former 
measure of mortality while Table 2.4 shows the latter as 
calculated from Experiment 729, It is easily seen from the 
tables that the discrete nature of mortality in an experiment 
such as this is considerably smoothed out when expressed in 
terms of hen-days lost. 
Since Lerner (35) drew attention to the problem of 
mortality in reporting the rate of lay many researchers have 
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Table 2.3. Mortality; percentage of birds lost during the 
280 days 
Birds Protein levels Housing 
per cage 12% 14% 16% 18% av. 
1 12.5 4.2 8.3 8.3 8.33 
2 4.2 6.3 4.2 2.1 4.17 
3 6.9 5.6 16.7 2.8 7.99 
Protein 
av. 6.94 5.55 11.11 3.47 6.77 
Table 2.4. Mortality; percentage of hen-days lost during the 
280 days 
Birds Protein levels Housing 
per cage 12% 14% 16% 18% av. 
1 5.45 0.68 4.27 5.21 3.90 
2 3.06 1.70 3.11 1.00 2.22 
3 3.27 2.73 8.14 1.43 3.90 
Protein 
av. 3.56 2.05 5.82 1.92 3.34 
begun to calculate production on a hen-housed as well as hen-
day basis. Recently, Harms (25) has proposed a test to deter­
mine whether rate of lay should be calculated on a hen-day 
or hen-housed basis. A laying house efficiency or livability 
index is calculated as in Table 2.2. It is simply; 
== "0 ^ lost,. 
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If livability is significantly affected by treatments Harms 
maintains that eggs per hen housed is the appropriate measure 
of production. If livability is not affected by treatments 
then one should use hen-day production. 
Appendix Table A.l shows an analysis of variance and two-
way table of treatment means of the livability index from 
Experiment 729. There is no evidence that livability was 
affected by treatments, even though a priori one might expect 
higher mortality at higher bird densities. Hen-day production 
(total number of eggs divided by total number of hen-days 
realized) is therefore chosen as an appropriate index of 
production for this experiment. 
Analyses of variance and Duncan's test 
A separate analysis of variance, similar to that for 
the livability index, was also made for six other variables. 
The variables analyzed are; egg weight, hen-day production, 
weight of eggs produced per 100 hen-days, feed consumed per 
100 hen-days, feed conversion efficiency and hen body weight 
gain. The results are presented in Tables A.2a through A.7a 
of Appendix A. Appendix A also shows a two-way classification 
of treatment means for each variable. 
Each analysis of variance (AOV) table shows the degrees 
of freedom (df), mean square (ms) and F value associated with 
the main effect of housing density (H), the main effect of 
protein level (P), and the protein-housing interaction (HxP). 
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In addition, the protein main effect is broken down into 
protein linear (PI), protein quadratic (Pq), and protein cubic 
(Pc) with 1 df each. Similarly, the main effect of housing 
has 2 df and so can be broken down into two components. 
Interest here lies in comparing single versus multiple housing 
and two-per-cage with three-per-cage housing. Accordingly, 
two orthogonal linear comparisons are made each with 1 df. 
C2 denotes the contrast of single versus multiple housing 
while CI shows the comparison of two birds per cage with 
2 three per cage. An estimate of a is given by the error mean 
square with 60 degrees of freedom. 
Each two-way table shows the twelve treatment means and 
the overall mean (underlined). It also shows the marginals, 
or means of one factor when averaged over all levels of the 
other factor. The superscripts in the body of the table give 
the results of Duncan's multiple range test and Sm denotes 
the standard error of a treatment mean. The latter is calcu-
s2 1/2 , 
lated as; Sm = (—) where s" is the error mean square from 
the ACV cable and n is the number of replications per 
treatment. 
Rejection of the homogeneity hypothesis of a group of 
treatment means using an F test, as in one of the AOV tables 
A,la through A.7a, does not tell which of the differences 
among the treatment means mciy be considered significant and 
which may not. A significant F ratio merely indicates that 
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one or more of the differences among the treatment means are 
significant; it does not tell which ones. Duncan's multiple 
range test (16) is one of several methods devised to make all 
possible comparisons among treatment means. The test is based 
on shortest significant ranges (Rp-values) calculated by 
scaling the standard error of the mean (Sm) by values selected 
from a special table of significant studentized ranges. 
These latter values depend on the degrees of freedom on which 
Sm is based (here 60 df), the size of the sample of means to 
be tested (2,3,4...), and the level of significance chosen 
for the test. The means are ordered and tested, starting 
with the extremes and working inward. A 5% significance level 
was chosen for this study. Whenever an F ratio for protein 
was significant, Duncan's test was applied to the protein 
means within each housing density. The results of these tests 
are shown by the superscript notation in the two-way tables. 
Values within a housing density not followed by the same 
superscript are significantly different at P=Û.05. 
Interpretation of Experimental 
Results 
What the AOV tables show 
In the preceding section the variables chosen for 
analysis and the statistical methods used were described. It 
remains now to examine each of these variables in detail in 
the light of this analysis. With the help of Tables A.la 
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through A.7b of Appendix A each is studied in turn. 
Livability index Table A.la shows that none of the F 
ratios in the analysis of variance were significant at the 
5% level. Apparently, livability was not affected by treat­
ments in this experiment. Table A.lb shows that the index of 
livability varied from 91.86 to 99.32, the overall mean for 
the experiment being 96.66. No consistent response to protein 
was shown and livability was just as high for three-per-cage 
as for one-per-cage housing. Duncan's test was not applied 
since the AOV table showed no significant response to protein. 
Egg weight Average egg weight taken over the whole 
experiment showed little response to treatments. This is seen 
in Table A.2a. Housing apparently had no effect. The main 
effect for protein was not significant but its linear component 
was significant at the 5% level. The table of means shows 
that the overall mean egg weight was 58.8 grams and that on the 
average sgg weight increased by 1 gram as the protein level of 
the ration was raised from 12% to 18%. Birds on the 12% 
ration produced the lightest eggs irrespective of housing 
density, but at one-per-cage housing the contrast between 
the 12% and the higher protein rations was especially evident. 
Duncan's test was applied and is interpreted as follows: 
At two or three birds per cage we are unable, at the 5% level, 
to reject the hypothesis that all the means are alike. At 
22 
one-per-cage, 57.8 is considered significantly different from 
59.9; but 59-2 and 59.3 are neither significantly different 
from each other nor from 57.8 or 59.9. 
Hen-day production Hen-day production showed a 
significant response to protein but not to housing. See 
Table A.3a. Both the protein main effect and its linear 
component were significant at the 1% level. Housing x 
protein interaction was not significant. From the table of 
means we see that, on the average, as protein level increased 
production also went up but at a decreasing rate. Moreover, 
the response at one-per-cage was quite different from that 
under multiple housing conditions. Essentially no response 
was shown to protein by the single-housed birds, due in part 
no doubt to the exceptionally high rate of lay by the group 
on the 12% protein diet. The grand mean in Table A.3b shows 
that the overall rate of lay for the experiment was 73%. From 
the rightmost column of the table we see that, on the 
average, birds housed at one-per-cage performed better than 
those at two or three per cage. This is also brought out 
in the AOV table by the C2 contrast which compares single 
with multiple housing. Again Duncan's test shows that at 
one-per-cage the hypothesis that all the means are alike 
cannot be rejected. At two or three birds per cage, however, 
significant differences do appear. 
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Weight of eggs Table A.4a presents the analysis for 
pounds of eggs produced per 100 hen-days. The pattern is 
very similar to that for hen-day production. However, 
housing becomes significant at the 5% level and the response 
to protein is stronger due to the combined effects of protein 
on the average weight of an egg as well as on the number of 
eggs produced. Again the dichotomy between single and 
multiple housing is seen from the two-way table and the C2 
contrast. Duncan's test shows exactly the same pattern as 
for hen-day production. 
Feed intake Pounds of feed consumed per 100 hen-
days is analysed in Table A.5a. The AOV table shows no 
response to housing but a significant response to protein 
and to the protein x housing interaction. The linear term 
for protein is not significant but the quadratic term is sig­
nificant at the 5% level. Table A.5b shows that the overall 
mean intake of feed was 21.84 pounds per 100 hen-days. 
Treatment averages ranged from 21.186 to 23.091 pounds. The 
latter quantity represents the consumption by the single-
housed birds on the 12% protein ration. This intake was 
remarkably high and probably accounts in no small measure 
for the significance levels observed in the AOV table. Other­
wise, feed consumption showed very little variation and the 
standard error of the mean was only 0.31 pounds. 
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Feed efficiency Feed conversion efficiency is re­
lated both to feed intake and weight of eggs produced. Table 
A.6a shows a significant response to protein, efficiency 
improving as the level of protein in the diet increased. 
Both the main effect for protein and its linear and quad­
ratic components were significant at the 1% level. Feed 
efficiency also showed a significant response to housing, 
the contrast again being between one-per-cage and multiple 
housing. This latter of course is a reflection of the 
response of weight of eggs produced as previously seen in 
Table A.4a. The overall conversion rate was 2.31 pounds 
of feed per pound of eggs. Duncan's test shows that signifi­
cant improvement occurred at all housing levels as the per­
centage protein in the ration was increased. 
Body weight gain Finally, Table A.7a shows the re­
sults for average weight gain per hen during the period of 
the experiment. The protein main effect was significant 
at the 1% level as were its linear and quadratic components. 
Housing showed no significant effect but the housing x 
protein interaction was significant at the 1% level. The 
table of treatment means shows that the overall mean gain 
in body weight was 0.37 pounds; from 3.17 at the start to 
4.04 pounds at the end of the experiment. Birds on the 12% 
protein diet evidently tended to make lower weight gains than 
those on the higher protein rations. 
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Summary of Results and Comparison with 
Similar Experiments 
From the overall analysis of Experiment 729 it is evident 
that egg production, whether measured by number of eggs (hen-
day production) or weight of eggs, was affected by the per­
centage protein in the ration. This is seen in Tables A. 3a 
through A.4b of Appendix A. Body weight gain of the hen 
during the experimental period was also influenced by the 
ration fed, gain being clearly lower for the 12% protein 
diet. Average egg weight also showed some response to 
protein, the 12% protein ration again displaying a marked 
contrast with the higher protein diets. The effect of 
protein percentage on feed intake was not clear from this 
experiment but feed conversion efficiency improved with high­
er protein levels largely reflecting the response of egg 
output to protein. 
In contrast, the overall effect of housing at the levels 
studied was very weak in this experiment. Daily egg pro­
duction (and consequently feed efficiency) showed a signifi­
cant response, the effect appearing as the C2 contrast of 
one-per-cage versus multiple bird housing. 
These results are not atypical of results from similar 
experiments conducted at Iowa State University and else­
where, particularly with respect to protein response (2, 18, 
37). Direct comparison with other cage density studies is 
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difficult since each one has its peculiar twist and the 
ceteris paribus requirement for a valid comparison is seldom 
fulfilled. However, a study by Wilson et al. (48) also 
housed birds at one, two and three per 10" x 16" cage and 
in other respects looks comparable with Experiment 729. 
Wilson reported lower per hen production and higher mortality 
as the number of birds per cage was increased. This agrees 
with, among others, the findings of Lowe and Heywang (36) 
and Champion and Zindel (8). However, in Wilson's study 
hen-day egg production was significantly lower for the 
three-per-cage group than for either of the other two, among 
which no significant difference was observed. This contrasts 
with the findings of Experiment 729 wherein the dichotomy 
occurred between one-per-cage and multiple bird housing. 
Harms (25) emphasizes that in management studies such as 
these where the livability index is significant egg produc­
tion should be calculated on a hen-housed rather than hen-
day basis. I'o illustrate his point he ahowa thctL li: Lhe 
Wilson study this calculation would have resulted in a sig­
nificant difference between all three housing levels. To this 
we may add the further observation that the higher mortality 
frequently reported for multiple housing is often partly 
due to inadequate management, such as failure to debeak, 
rather than true stress from overcrowding. Wilson's study 
acknowledges that some cannabalism did occur which, in part 
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at least, explains the higher mortality observed with more 
than one bird per cage. 
Experiment 729 is distinctive in that mortality was not 
affected by treatments within the cage density ranges ob­
served. In such experiments, where the livability index is 
not affected, hen-day production is an appropriate index of 
egg output according to Harms. 
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CHAPTER III. TIME AND EGG PRODUCTION RELATIONSHIPS 
Introduction 
In Chapter II the overall (or whole period) analysis of 
Experiment 729 was presented. However, the overall analysis 
gives only the static end results. Some of the more inter­
esting aspects of egg studies deal with the production pattern 
over time- As this production pattern changes one also 
expects the feed requirement of the birds to change. The 
same is true of another flow type product, milk, which also 
shows a distinct time curve of production. Unlike milk how­
ever, where the commercial value of the product changes 
little during the lactation, average egg size increases 
throughout the laying season. This in turn affects the grade 
and price received per dozen eggs. In this chapter we 
examine the nature of egg production response over time. 
Graphical analysis and stepwise regression are used to analyze 
the behavior of egg outputs, feed inputs and average egg 
weight over the production cycle. 
Egg Production Patterns 
Over Time 
Like milk, egg production follows a characteristic 
pattern through time. The normal cycle can be represented 
by a curve that rises sharply as the pullets begin to lay, 
peaks after 8 to 16 weeks and then falls off until the end 
of the first season. The curve may vary somewhat from flock 
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to flock but generally does not change a great deal. The 
particular pattern from Experiment 729 is shown in Figure 
3.1. Average number of eggs per 28 hen-days reached its 
peak in the third period but was only slightly lower in 
periods two and four. The fifth month brought a sharp drop 
in output. A corresponding drop occurred in feed intake as 
seen in Figure 3.3. It is thought that cold March weather 
may have caused this temporary setback.^ In any event, 
both production and feed consumption recovered again in the 
sixth period with eggs per bird tailing off in approximately 
linear fashion until the end of the experiment. This is also 
seen from Table 3.1 which shows the data on which Figures 3.1 
through 3.4 are based. 
If total weight of eggs produced, rather than number of 
eggs, is used as the measure of output, peak production is 
reached later in the season (Figure 3.2). This happens 
since average egg weight also increases as the laying season 
proyitisses. Egg weight norr:.ally increases at a decreasing 
rate as the birds mature and tends towards an asymptotic 
maximum. Figure 3.4 and column of Table 3.1 show how 
average egg weight changed in Experiment 729. A frequent goal 
of egg producers is to attain "large" egg size as quickly as 
"Balloun, S. L. Department of Poultry Science, Iowa 
State University, Ames, Iowa. Notes on Experiment 729. 
Private communication, 1970. 
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possible after the pullets begin to lay. Eggs must weigh 
24 ounces per dozen to meet "large" egg grade specifications. 
This per dozen weight corresponds to an average egg weight 
of 2 ounces or approximately 56.7 grains. From Figure 3.4 
(and Table 3.1) we see this goal was reached about the end 
of the second period. 
Because of the changing behavior of average egg weight 
over the laying season and the effects of this on egg grades 
and prices it is desirable to also look at egg production 
on a weight basis. Comparing Figure 3.2 with Figure 3.1 we 
see that the tendency for egg weight to increase with stage 
of lay not only causes the production curve to peak later in 
Figure 3.2 but also to fall off at a slower rate during the 
later months of the season. This consideration may be im­
portant in response research and suggests weight of eggs 
as an appropriate measure of production. Consequently, in 
the regression work later in this chapter both number of eggs 
and pounds of eggs per 2 8 hen-days are used as measures of 
output. 
Feed consumption also varies over the production cycle. 
Average intake ranged from 5.66 to 6.55 pounds per 28 hen-
days during the ten periods of Experiment 723. Peak intake 
coincided with peak production and tended to decline as the 
laying season progressed. The pattern was rather erratic 
however, as shown in Figure 3.3, The curve showed two sharp 
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dips, one in the fifth period and one in the ninth. The drop 
in feed intake in period five has already been discussed in 
connection with a similar drop in egg production. The feed 
drop in the ninth period, on the other hand, does not 
seem to have had much effect on production or egg weight. 
It may have been caused by hot July weather which temporarily 
depressed appetite.^ Feed efficiency, as measured by pounds 
of feed per pound of eggs, ranged from 2.23 to 2.39. Average 
conversion efficiency was 2.29 for the first five months and 
2.33 for the last five months of the experiment. 
Figures 3.1 through 3.4 also show curves fitted to the 
28-day data averages. Figure 3.4 illustrates how a simple 
quadratic function in T (periods 1 through 10) adequately 
describes the path taken by average egg weight during the 
2 
experiment. The R value is 0.9 874 and the predicted values 
for egg weight based on this function are shown in the 
column of Table 3.1. Similar quadratic functions in T were 
fitted to number of eqgs (E), weight of eggs (W) and feed 
2 intake (F). The R and predicted values are given under the 
q (quadratic) subscripted columns of Table 3.1. However, for 
each of these three variables it was found that the time 
trend is best described by a grafted polynomial function in 
2 
which a linear segment is spliced onto a quadratic at T=4. 
^Ibid. 
2 Fuller (20) gives a good description of the theory and 
the mechanics of fitting grafted polynomial functions. 
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Table 3.1. Egg production, feed consumption and average egg weight over time; 
actual and predicted^ 
Time 
Number of eggs 
per 2 8 hen-days 
(2 8 days) E. E E 
9 
1 21.20 21.69 21.23 
2 21.84 21.64 21,77 
3 21.93 21.50 21.88 
4 21.84 21.28 21.55 
5 20.67 20.96 21.00 
6 20.30 20.56 20.45 
7 19.90 20.08 19.90 
8 19.28 19.50 19.35 
9 18.81 18.84 18.80 
10 18.39 18.10 18.24 
pZ .9272 .9H38 
Pounds of eggs 
per 28 hen-days 
W W W 
Pounds of feed 
per 2 8 hen-days 
^a ^g 
Av. egg wt. 
(grams) 
2.53 2.61 2.53 
2.71 2.68 2.72 
2.79 2.72 2.80 
2.83 2.75 2.80 
2.70 2.75 2.74 
2.67 2.72 2.69 
2.65 2.68 2.63 
2.59 2.61 2.58 
2.53 2.53 2.52 
2.45 2.42 2.47 
.7920 .9663 
5.82 6.01 5.58 
6.22 6.16 6.23 
6.55 6.26 6.42 
6.44 6.31 6.42 
6.02 6.32 6.31 
6 . 2 2  6 . 2 8  6 . 2 0  
6.22 6.20 6.10 
6.19 6.07 5.99 
5.66 5.89 5.88 
5.82 5.67 5.77 
.5426 .7101 
54.31 54.61 
56.40 56.18 
57.84 57.53 
58.88 58.66 
59.22 59.56 
60.01 60.24 
60.57 60.70 
61.07 60.93 
61.17 60.94 
60.61 60.72 
.9874 
^The q subscript denotes values predicted by the quadratic function in time 
and the g subscript denotes values predicted by the grafted polynomial time 
trend. The actual 2 8-day averages are identified by the a subscript for each of 
the four variables. 
U) 
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2 The resulting R and predicted values are shown in the 
g (grafted) subscripted columns of Table 3.1. These grafted 
curves are shown in Figures 3.1 through 3.3. The quadratic 
fitted curves are not shown since this would result in over­
crowding of the graphs. However, they can easily be sketched 
from the data of Table 3.1. 
Stepwise Regressions on 
the Monthly Data 
A series of regressions were run on the 28-day data to 
find out which factors are important in explaining egg 
production, average egg weight and feed consumption. A 
stepwise regression procedure was used as described in Draper 
and Smith (14). With this method the X-variable most highly 
correlated with the dependent variable enters the model 
first. This is followed by the next most highly related 
variable and so on until all the variables to which the 
selection process has access are in the model or the procedure 
is stopped by prespecifying the number of steps or partial F 
values to enter and exit. One great advantage of the step­
wise procedure involves a re-examination at every stage of 
the regression of the variables incorporated into the model 
in previous stages. This allows one to see clearly which 
explanatory variables are strongest and the interrelationships 
between them in the model. 
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Dependent variables 
Four dependent variables were chosen for this analysis. 
In the order presented they are; number of eggs, pounds of 
eggs, pounds of feed, and average egg weight per period. Even 
within the same treatment combination egg production, like 
many biological phenomena, shows wide variation both between 
time periods and between experimental units within time 
periods. Hence, an error model was constructed to provide 
an estimate of experimental error. Using the 28-day data, 
720 observations were available consisting of six replicates 
on 120 time-treatment combinations. A regression model, 
using a constant and 119 dummy variables was used to estimate 
the variation within groups treated alike. The results of 
this error model appear in Tables 3.3 through 3.6 and are 
discussed later. The four dependent variables, their labels, 
and coefficients of variation are as follows: 
Number of eggs per 28 hen-days (E) 11.52% 
Founds of cggc per 28 hen-days (W) 11.16% 
Pounds of feed per 28 hen-days (F) 7.28% 
Average egg. weight (grams) (G) 4.66% 
Independent variables 
Many factors, some controllable and some not so con­
trollable, affect the rate of egg production. In an experi­
mental situation some factors are controlled in the sense 
that they are held relatively constant over all experimental 
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units while those key factors under investigation are varied 
as treatments. In Experiment 729 the factors fixed by treat­
ments were protein levels of the ration and cage floor space 
per bird. In addition, measurements were taken at fixed time 
intervals determined when the experiment was set up. There­
fore, it seems logical to consider time, percentage protein 
and housing space as likely independent variables. 
A matrix of correlation coefficients is shown in Table 
3.2 for the independent and dependent variables selected. 
The fact that zero correlation is shown between time, protein 
levels and housing indicates that these variables make up 
an orthogonal set. Protein level is positively correlated 
both with number of eggs (hen-day production) and average 
egg weight. Hence, it is highly correlated with pounds of 
eggs per 2 8 hen-days. Time shows a high positive correlation 
with average egg weight but a negative relationship with both 
measures of production and with feed consumption. Housing 
density is positively correl^tmd with egg production but 
hardly at all with average egg weight or feed consumption. 
While trough space is related to crowding, apparently it was 
still adequate at these cage densities. Other interesting 
features of the table are the high negative correlation 
between number of eggs and average egg weight and the positive 
coefficients between feed consumption and egg production. 
In this experiment, protein and energy intakes were not 
Table 3.2. Matrix of correlation coefficients for the stepwise regression 
variables^ 
Variable No. 1 2 3 4 5 6 7 
Number of eggs per 28 hen-days 1 1.0 
Pounds of eggs per 2 8 hen-days 2 .878 1.0 
Pounds of feed per 2 8 hen-cays 3 .497 .495 1.0 
Average egg weight (grams) 4 -.470 .005 -.136 1.0 
Time (28--day periods) 5 -.676 -.298 -.310 . 866 1.0 
Protein percentage in ration 6 .371 . 501 -.150 .153 .000 1.0 
Housing (sq ft cage floor s.pace 
per bird) 7 .224 .264 .022 .020 .000 .000 1.0 
^Since tlie matrix is symmetric only the lower triangular portion is 
tabulated» 
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controlled by the researcher since the hens were fed ad 
libitum. Rather, food was available to the birds at all 
times and intake was determined by their digestive capacities. 
Also, since the diets were isocaloric, energy intake was 
just a constant multiple of feed intake. Because of their 
relationship to feed consumption, crude protein and energy 
assumed an endogenous nature and were not considered suitable 
as explanatory variables. Accordingly, time, percentage pro­
tein and housing space were chosen as independent variables 
for the stepwise analysis. 
Model and method of fitting 
A quadratic function using time (T), percentage protein 
(P) and housing (H = sq ft of cage floor space per bird) 
was fitted to the 720 observations for each of the four 
dependent variables. Variables were selected by the stepwise 
procedure from the full model which may be represented as: 
Y = «n + fi.T + S_? + B.K + 
J- O .1* .2. ^ ^ 
+ + e (3.1) 
Y represents the dependent variable and T, P, and 
H are the independent variables; time, protein and housing. 
The 0's are parameters to be estimated and e denotes the 
error term. The mechanical steps followed are those outlined 
in the Mouflon manual (23). A maximum of ten steps was 
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specified and the partial F values to enter and remove were 
both set at 2.71. 
Results of the Stepwise and 
Error Models 
Results of the regressions for both the error model and 
the stepwise procedure are shown in Tables 3.3 through 3.6. 
These results are discussed for each of the four dependent 
variables. 
Table 3.3 presents the regression results for number of 
eggs per 28 hen-days. The top part of the table shows the 
variables that entered the stepwise model, their estimated 
coefficients, standard errors and t values. Also shown are 
the levels of significance of these t statistics and the 
partial F value attaching to each variable as given in the 
2 final step of the regression. The T term entered the model 
in step 1. In succeeding steps it was followed by the P, 
2 TH and P terms in that order. The stepwise algorithm 
terminated normally after the fourth step leaving only these 
four variables in the model. 
The bottom part of Table 3.3 shows an analysis of variance 
(AOV) constructed partly from the stepwise regression and 
partly from the error model. The first three rows come 
directly from the stepwise procedure. The last row is gotten 
from the error model as the residual from regression. The 
lack of fit entry comes from subtracting the error model 
Table 3.3. Stepwise regression and error model results; number of eggs per 28 hen-
days on time, percentage protein and housing 
Variable Coefficient SE of 
coefficient t value 
T 
P 
TH 
Constant 
Source of 
variation 
Total 
(corrected) 
Regression 
Regression 
residual 
Lack of fit 
Error model 
residual 
-0.0489 
1.1895 
0.2069 
-0.0305 
10.8330 
df 
719 
4 
715 
115 
600 
Level of 
significance 
Partial 
F test 
0.0032 
0.5422 
0.0372 
0.0183 
15.281 
2.194 
5.562 
1.167 
Sura of 
squares 
5.1405 
1.7389 
3.4016 
0.7189 
2.6827 
Analysis of variance 
Mean 
square 
0.4347 
0.0048 
0.0063 
0.0045 
P < 0.001 
P < 0.05 
P < 0.001 
P < 0.10 
225.82 
4.81 
30.97 
2.79 
F test 
91.3790** 
1.3960* 
* * 
Denotes significance at the 1% level. 
Denotes significance at the 5% level. 
Table 3.4. Stepwise regression and error model results; pounds of eggs per 28 
hen-days on time, percentage protein and housing 
Variable Coefficient SE of 
coefficient t value 
Level of 
significance 
Partial 
F test 
P 0.2866 0 .0711 4.031 P < 0.001 16.25 
t2 
-0.0118 0 .0013 9.077 P < 0.001 82.79 
T 0.0949 0.0166 5.717 P < 0.001 32. 83 
0.5154 0.1042 4 .946 P < 0.001 24.49 
PH —0.0476 0.0104 4.577 P < 0.001 20.76 
o
 
o
 
o
 
o
 0.0024 2.917 P < 0.01 8.57 
TH 0.0198 0.0106 1.868 P < 0.10 3.48 
Constant 0.0280 
Analysis of variance 
Source of 
variation df 
Sum of 
squares 
Mean 
square F test 
Total 
(corrected) 719 0.0812 
Regression 
Regression 
residual 
7 
712 
0.0237 
0.0576 
0 
0 
.0034 
.0001 
41. 790** 
Lack of fit 112 0.0101 0 .0001 
Error model 
residual 600 0.0475 0 .0001 
1. 139 
** 
Denotes significance at the 1% level. 
Table 3.5. Stepwise regression and error model results; pounds of feed per 28 
hen-days on time, percentage protein and housing 
Variable Coefficient SE of 
coefficient t value 
Level of 
significance 
Partial 
F test 
T 
T 
P 
p2 
Constant 
Source of 
variation 
Total 
(corrected) 
Regression 
Regression 
residual 
Lack of fit 
Error model 
residual 
"0.0237 
0 .2235 
-0.4871 
0.0157 
9.4945 
df 
719 
4 
715 
115 
600 
0 . 0 0 2 0  
0 .0225 
0.1091 
0.0037 
11.850 
9.933 
4.465 
4.243 
P < 0.001 
P < 0.001 
P < 0.001 
P < 0.001 
Analysis of variance 
Sum of 
squares 
0.1813 
0.0436 
0.1377 
0.0576 
0.0801 
Mean 
square 
0.0109 
0 . 0 0 0 2  
0.0005 
0.0001 
141.57 
98.74 
19.94 
18.17 
F test 
56.576** 
3.739** 
** 
Denotes significance at the 1% level. 
Table 3.6. Stepwise regression and error model results; average egg weight per 
period on time, percentage protein and housing 
Variable Coefficient 
T 
P 
p2 
Constant 
Source of 
variation 
Total 
(corrected) 
Regression 
Regression 
residual 
Lack of fit 
Error model 
residual 
1. 885 
-0.1105 
2 .1085 
•- 0 .0654 
36.2908 
df 
719 
4 
715 
115 
6 0 0  
SE of 
coefficient t value 
Level of 
significance 
Partial 
F test 
0.0998 
0 . 0 0 8 8  
0 .4841 
0.0163 
Sum of 
squares 
5,427.356 
3,301.156 
2,126.200 
275.893 
1, 850.307 
18.923 
12.557 
4.356 
4.012 
Analysis of variance 
Mean 
square 
825.289 
2.974 
2.400 
3.084 
P 
P 
P 
P 
0.001 
0.001 
0.001 
0.001 
357.89 
156.11 
18.97 
16.08 
F test 
277.529** 
0.788 
* *  
Denotes significance at the 1% level. 
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residual from the regression model residual. An F test for 
lack of fit is provided by the ratio of the mean square for 
2 lack of fit to the error model residual mean square. The R 
value in the stepwise regression was 0.338. However, if 
we use the concept of potentially explainable variation as 
given by the error model regression sum of squares divided 
2 by the total corrected sum of squares the above R value 
of 0.338 corresponds to 70.8% of the variation that could 
possibly be explained by treatments. (For extensive use 
and justification of this concept of explainable variation 
see Conway (11). The F test for regression was significant 
for number of eggs but the lack of fit test for the model 
was also significant at the 5% level. 
The regression results for pounds of eggs per 28 hen-
days are shown in Table 3.4, A similar explanation attaches 
to this table as to Table 3.3. Table 3.4 differs from Table 
3.3 in that three additional variables entered the model and 
the lack of fit test was not significant at the 5% level. 
2 With the exception of the P and TH terms the t values of 
the coefficients were all significant at the 0.001 level. 
The regression again accounted for 70% of the variation 
2 potentially explainable by treatments though the overall R 
value was only 0.291. 
Table 3.6 shows the stepwise and error model results for 
average egg weight. Time and protein level were the dominant 
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variables with the linear and quadratic terms of both 
variables entering the model. Together, these four variables 
accounted for 60-8% of the total variation in egg weight or 
92% of the potentially explainable variation as previously 
defined. The lack of fit test was not significant, indi­
cating that a quadratic model in T and P may be appropriate 
for predicting egg weight. A common practice of poultrymen 
is to feed a high protein ration early in the production 
season to attain large egg size as soon as possible. The 
results of Table 3.6 support this well established practice 
in that percentage protein was identified as a relevant 
variable. 
The regression results for feed intake per 28 hen-days 
are shown in Table 3.5. The same variables as for egg weight 
entered the model. However, these four variables explained 
only 24.0% of the total or 43% of the variation potentially 
explainable by treatments. The lack of fit test was signifi­
cant at the 1% level reflecting the failure of the model 
to adequately account for variation in feed intake. As we 
may recall from Figure 3.3 feed intake was quite erratic 
over the experimental period though the grafted time trend 
did explain 71% of the variation in average intake. 
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Other Regressions on the 
Monthly Data 
In addition to the stepwise work several other regressions 
were run on the 2 8-day data. Treatment means were used be­
cause these first runs were made simply to explore the data. 
Since there were 6 replications per treatment this resulted 
in 120 observations instead of the original 720 as used 
for the stepwise analysis. Also, in order to avoid possible 
confounding due to mortality a number of these regressions 
were based on 48 instead of the full 72 experimental units.^ 
By omitting the 24 units which lost one or more birds during 
the course of the experiment we, in effect, corrected for 
mortality. This procedure had the disadvantage that the 
original balance in the experiment was lost and some means 
had to be calculated from as few as two replicates. Never­
theless, a number of regressions were run on tliis reduced 
data set since it was felt that hen-day calculations did not 
fully correct for mortality because multiple-bird experimental 
units were used (25). In many cases the same regression was 
run on both the 48 and 72 unit data sets so that the effects 
of removing measurement errors induced by mortality could be 
assessed. For classification purposes the regressions selected 
were grouped according to whether they used percentage protein 
^These 4 8 experimental units include 45 in which no mor­
tality occurred and 3 others where a bird was lost in the final 
month of the experiment but which were nevertheless included 
to give a better estimate of the treatment mean. 
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or were based on ration ingredients or major nutrients. 
Percentage protein functions 
These regressions closely resemble the stepwise results 
of Tables 3.3 through 3.6. The four dependent variables are 
exactly as defined for the stepwise model. Likewise, as be­
fore, the independent variables are: 
T = time, in 2 8-day periods measured by the numbers 1 
through 10, 
P = percentage protein in the ration, 
H = housing, measured in square feet of cage floor 
space per bird. 
Like the stepwise model, the variables in these regression equa­
tions were selected from a quadratic model in T, P and H though 
the selection procedure was less rigorous than for the stepwise 
analysis. 
E = 10.094 - 0.048 T^ + 1.301 P + 0.201 TH - 0.035 P^ 
(4.535) (0.004) (0.622) (0.043) (0.021) 
, (3.2) 
SD = 0.9065 R = 0.7030 
= 9.639 + 0.389 T - 0.049 T + 0.749 P + 8.861 H 
(1.770) (0.221) (0.011) (0.118) (i.776) 
-0.518 PH - 0.016 TP 
(0.119) (0.012) ^ ' 
SD = 0.8552 = .7401 
E p = 13.186 + 0.561 T - 0.061 T^ + 0.544 P + 4.866 H 
(1. 848) (0.231) (0.011) (0.123) (1. 853) 
-0.282 PH - 0.020 TP (3.4) 
(0.124) (0.013) ^ 
SD = 0.8929 R" = .7082 
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Equations 3 . 2  through 3 . 6  give the results of five re­
gressions for egg production. Equation 3.2 corresponds to the 
stepwise results in Table 3.3 for number of eggs per 28 hen-
days. Essentially, the only difference is that the step­
wise analysis was based on the original 720 observations 
whereas Equation 3.2 was estimated from the 120 treatment 
means. The subscript on the E in Equation 3.2 denotes the 
fact that all 72 experimental units were included in the 
regression just as in the stepwise analysis. Similarly, 
Equation 3.5 corresponds to the stepwise results in Table 
3.4 for pounds of eggs per 2 8 hen-days. In both cases the 
estimated coefficients based on the means compare well with 
those of the stepwise analysis presented in the tables. The 
number in parentheses below each coefficient is its standard 
error. On dividing each coefficient by its standard error we 
get its t value which may also be compared with those in the 
stepwise tables. Also given after each equation is the 
2 
standard deviation of the fit (SD) and the R value of the 
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regression. 
Equations 3.3 and 3.4 show a different set of variables 
from those selected by the stepwise procedure. The two equa­
tions are alike except that the former was based on all 72 
experimental units while the latter was estimated from the 
48 mortality-free subset. Correcting for mortality did not 
radically change the equation though some coefficients, 
particularly that on the H term, were altered considerably. 
For weight of eggs we did not have an equation estimated from 
the reduced data set which was exactly comparable with Equa­
tion 3.5. Nevertheless, Equation 3.6 gives some idea of how 
such an equation might differ from 
= 35.443 + 2.088 T-0.112 T^ +2.164 P - 0.065 P^ - 0.012 TP 
(3.429) (0.172) (0.008) (0.460) (0.015) (0.010) 
SD = 0.6656 = .9029 
(3.7) 
G.q = 35.440 + 2.088 T- 0.112 T^ +2.165 P- 0.065 P^- 0.012 TP 
(3.429) (0. 172) (0.008) (0.460) (0.015) (0.010) 
SD = 0.6656 = .9031 
(3.8) 
= 9.6 89 + 0,19 3 T- 0.023 T^- 0,50 3 P+ 0.016 2^+ 0.002 TP 
(1.335)(0.067) (0.003) (0.179) (0.006) (0.004) 
SD = 0.2592 R^ = .4154 
(3.9) 
F.o = 9. 824 + 0.237 T - 0.024 - 0. 527 P+ 0.017 P^ + 0.002 TP 
(1.245) (0.035) (0.003) (0.171) (0.006) (0.004) 
SD = 0.2485 R^ = .4498 
(3.10) 
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Equations 3.7 and 3.8 refer to average egg weight. Equa­
tion 3.7 is comparable with the stepwise results in Table 
3.6 though an additional term has been added for the TP inter­
action. Correcting for mortality did not alter the regression 
equation in the case of egg weight as seen by comparing equa­
tions 3.7 and 3.8. The quadratic function in T and P per­
formed equally well on both data sets and explained 90 per­
cent of the variation in average egg weight. The housing 
variable (H) was not important for average egg weight. Neither 
was it important for feed intake as shown by Equations 3.9 
and 3.10. However, unlike for egg weight, the quadratic model 
in T and P only accounted for 40 to 45 percent of the varia­
tion in feed consumption. Equation 3.9 is comparable with 
the stepwise results in Table 3.5. Table 3.5 again shows 
the failure of the model to adequately explain the variation 
in feed consumption since it shows a highly significant lack 
of fit. 
Ration ingredient functions 
In these regressions all variables remain the same as for 
the percentage protein functions with one exception. Per­
centage protein (P) is replaced by two variables, C and F, 
where C represents pounds of corn and F represents pounds of 
protein feedstuffs consumed per 2 8 hen-days. The only other 
change is the introduction of a Cobb-Douglas function in 
addition to the quadratic. 
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= 15.316 - 0.310 T + 1.134 H + 3.64 3 F - 1.9 40 - 0.978 C 
(20.244)(0.025) (0-237) (7.769) (0.955) (7.115) 
SD = 0.7538 = .7997 (0.629) (1.354) 
(3.11) 
= - 0.309 T + 1.172 H + 8.978 F - 2.382 F^ + 4.372 C 
' (0-025) (0.232) (3.254) (0.755) (0.777) 
- 0.268 + 0-041 FC en - a ( 0 . 1 3 5 )  ( 0 . 5 1 5 )  S D  -  0 . 7 5 2 4  
= -0.714 - 0.007 T + 0.161 H + 1.292 F - 0.437 F^ 
' (2.721) (0.003) (0.032) (1.044) (0.128) 
+  0 . 6 6 6  C - 0 . 0 4 5  + 0.069 FC 
( 0 . 9 5 6 )  ( 0 . 0 8 5 )  ( 0 . 1 8 2 )  
SD = 0.1013 = .7323 
(3.13) 
= - 0-007 T + 0.159 H + 1.044 F - 0.417 F^ + 0.417 C 
(0.003) (0.031) (0.436) (0.101) (0.104) 
Equation 3.11 shows a full quadratic in the feed 
variables supplemented by linear T and H terras for number of 
G-j'jS procuccd per 2 2 hen-days. Equation 3,13 Khnws a similar 
function for weight of eggs. Both equations were estimated 
from the 120 observations on the means using all 72 experi­
mental units. Equation 3.11 explains 80 percent of the varia­
tion in E while Equation 2.13 accounts for only 7 3 percent of 
the variation in W. In both eases the t values for many of 
the coefficients were weak. Since this was especially true 
of the constant term it was decided to drop the constant 
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thereby forcing the regression through the origin. The re­
sult, as may be seen from Equations 3.12 and 3.14, was to 
improve the estimates of the coefficients and, in the case 
2 
of Equation 3.11, to change the signs on the C and C terms. 
-0.006 0.036 0.572 0.233 
= 9.365 T(0.005)a(0.008)c(0.057)p(0.016) (3,15, 
(1.091) . 
SD = 0.0394 = .7483 
-0.006 0.037 0.575 0.256 
W = 1.116 7(0.005)^(0.008)2(0.058)^(0.016) 
(l.*094) „ (3.16) 
SD = 0.0401 R = .7044 
Equations 3.15 and 3.16 show the estimates of the Cobb-
Douglas function for number and weight of eggs respectively. 
In both equations the corn coefficient was dominant and both 
indicated a negative time effect consistent with the downward 
trend in egg production over the laying season. 
Major nutrient functions 
In many respects these regressions are very similar to 
the ration ingredient ones just discussed. All variables 
remain the same except that C and F are replaced by K and P 
where K denotes metabolizable energy intake in kilocalories 
and P represents crude protein consumption in pounds per 28 
hen-days. 
E__ = 15.644 - 0.310 T + 1.131 H + 11.765 P - 17.373 
(20.359) (0.025) (0.238) (10.338) (4.807) 
- 1.39 0 K - 0.019 + 2.9 89 KP 
(4.723) (0.285) (1.503) 
SD = 0.7559 = .7986 
(3.17) 
E_. = - 0.309 T + 1.171 H + 13.510 P - 17.174 P^ + 2.146 K 
' (0.025) (0.232) (10.066) (4.791) (1.059) 
- 0.215 + 2.731 KP 
(0.127) (1.462) 
SD = 0.7545 
(3.18) 
= - 0.663 - 0.007 T + 0.160 H + 1.910 P - 3.454 P^ 
(2.737) (0.003) (0.032) (1.390) (0.646) 
+ 0.321 K - 0.042 K^ + 0.619 KP 
(0.635) (0.038) (0.202) 
SD = 0.1016 = .7306 
(3.19) 
Equations 3.17 and 3.19 are similar in form to Equations 
3.11 and 3.13 of the ration ingredient functions. The close 
resemblance is a reflection of the interrelationship between 
ration ingredients and nutrient content; P roughly correspond­
ing to F and K to C. With this approximation in mind we see 
how closely the two equation sets are related. In fact even 
2 the R values are identical- On dropping the constant term 
from Equation 3.17 the T values of the coefficients improved 
and the sign on the K term changed to positive as shown by 
Equation 3.18. A similar regression was not run for weight of 
eggs (W) but probably would show the same result. 
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-0.059 0.036 0.516 0.248 
E?, = 7.814 T(0.005)H(0.008)^(0.072),(0.026) 
(1.166) P 
SD = 0.0412 R = .7277 
-0.007 0.037 0.483 0.294 
WU, = 1.012 T(0.006)a(0.009)K(0.075)p(0.027) 
(1.173) p 
SD = 0.0429 R = .6615 
(3.20) 
(3.21) 
E.p = 0.833 - 0-336 T + 0.005 H + 8.924 P - 16.167 
(23.950) (0.028) (0.002) (11.053) (5.435) 
+ 2.740 K - 0.265 + 2.956 KP 
(5.620) (0.335) (1.589) 
SD = 0.8460 R^ = .7403 
(3.22) 
Cobb-Douglas equations in the major nutrient variables 
were also estimated for E and W. In general, the results 
closely paralleled those for the feed ingredient functions 
with energy (K) again being the dominant variable. Just as 
in the percentage protein functions, some of the ration 
ingredient and major nutrient functions were also run on the 
4 8 experimental unit data. An example of such a reyressiori 
is shown by Equation 3.22. Equation 3.22 compares with 
Equation 3.17 which was based on all 72 experimental units. 
The most noteworthy effect of using the reduced data set was 
to completely change the coefficient for K. Otherwise the 
regressions on the 48 unit data set were generally less satis­
factory in terms of t values of the coefficients and the pro-
2 portion of the variation explained as shown by R calculations 
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Conclusions 
The graphical analysis shows the importance of studying 
egg production in a dynamic context. Input-output relation­
ships change with the stage of lay. Increasing egg size 
affects the grade and consequently the value of the product 
throughout the laying season. Therefore, it seems important 
to use weight of eggs produced per period as an index of 
production in addition to the more usual number of eggs (hen-
day) criterion. 
The overall indication from the stepwise regressions is 
that cage floor space per bird had little effect at the levels 
studied in this experiment. This conclusion is supported by 
the other regressions on the monthly data and by the AOV tables 
of Appendix A. Tables A.2 and A.5 show that housing had no 
significant effect on average egg weight or feed intake. Even 
for egg production (Tables A.3 and A.4) the effect of housing 
is not clear. The weak housing response which does show up 
appears as a contrast between one-per-cage and multiple-bird 
housing. Hence, it is not discernible whether the effect is 
actually due to cage space per bird per se or to private 
versus shared cage confinement. In other words, cage floor 
space is confounded with bird density per cage since floor 
space per bird was varied by putting one, two or three birds 
into each 10" x 16" cage. 
From an economic standpoint one would choose multiple 
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housing on the basis of the results of Experiment 729. Given 
this particular cage size and environmental conditions three 
birds per cage would be chosen rather than two. However, 
there are no grounds for concluding from this experiment that 
three birds per cage or 0.37 sq ft of cage floor space are 
optimal in any way. Cage size itself is flexible as is the 
density of cages per house which in turn affects the environ­
mental conditions. Furthermore, success with multiple bird 
housing is largely a function of the managerial abilities 
of the poultryman. 
In view of this complexity and the weak and unclear 
response to housing in Experiment 729 it was decided to pool 
the data over the three housing levels and estimate egg 
production functions based on ration ingredients. Thus, 
the analysis in Chapter IV is based on a total of 144 birds 
per treatment, housed in units of 12 cages. Four of these 
cages have one bird each, four have two birds each and four 
have three bircis each, Treatments consist of the fonr protein 
levels 12, 14, 16 and 18% crude protein as described in 
Chapter II and Table 2.1. 
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CHAPTER IV. EGG PRODUCTION FUNCTIONS 
Introduction 
In this chapter production functions based on ration 
ingredients are estimated from the data of Experiment 729. 
Little information is available on the nature of egg response 
to feeding. A review of the literature reveals studies 
based on farm data (28, 47) and on experimental data (21, 
22, 32). Most are relatively old and lack agreement even on 
basic issues such as the existence of a diminishing rate of 
transformation of feed into eggs. A more recent study of 
poultry input-output relationships concentrates on broiler 
production and merely reviews critically the older literature 
on egg production (27). In fact, Hansen's two articles (21, 
22) represent the most recent significant studies in this 
area. His later article gives a good survey of research 
findings up to 1950. Like Brody (4), Hansen stressed the 
parallel between egg and milk response. Because of this 
siinilaiiLy and the paucity cf rcccarch on egg response it­
self, this study draws heavily on the work done with milk 
functions. In particular, the 1955 study by Heady et al. 
(30) is used as a guide throughout most of the chapter. 
Two types of functions have been derived: (a) overall 
functions for the 280-day experimental period and (b) functions 
that include time as a variable and utilize the monthly (28-
day) data. The latter functions present some problems of 
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estimation but have the advantage of being able to take 
account of the normal decline in egg production as the laying 
season progresses. This seasonal aspect of poultry nutri­
tion is of great interest to poultrymen because the optimum 
layer ration may change with stage of production. The idea 
of feeding according to production is usually called phase 
feeding and is further discussed in Chapter VI. On the other 
hand, the overall functions present some intricacies of 
their own and are interesting from a methodological point of 
view. 
Overall Functions 
In the regressions to follow the egg outputs and feed in­
puts, which are aggregates per bird for the 280-day period, 
are defined as follows: 
E = total number of eggs produced per bird, 
W = total pounds of eggs produced per bird, 
C = total pounds of corn equivalent consumed per bird, 
S = total pounds of soybean meal equivalent consumed per 
bird. 
Soybean meal equivalent is used instead of just soybean meal 
alone to allow for the other protein feeds in the ration. 
Also, corn equivalent differs from corn in that it makes 
allowance for the energy content of the soyoil in the diet. 
Appendix B explains and justifies the use of soybean meal 
equivalent as a composite variable for the protein feeds. 
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Three types of algebraic equation were fitted to the 2 80-
day data namely; the Cobb-Douglas (C-D), quadratic polynomial, 
and square root functions. Quadratic and square root functions 
have isoclines that converge to a point, allowing specifica­
tion of one ration consistent with maximum egg production 
per bird. The C-D production function does not have this 
property but nevertheless is useful where average substi­
tution and transformation ratios are of interest. Equations 
4.1 through 4.6 show the regression results for each of these 
functions using both number of eggs (E) and weight of eggs 
(W) as dependent variables. 
E = 13.143 C'5G69 g.2422 (4.1) 
W = 0.730 C'G528 g.2999 (4.2) 
E = 2133.144 - 69.844 C - 75.583 S + 0.609 C^ 
+ 0.490 + 1.522 SC (4.3) 
W = 331.715 - 11.007 C - 12.429 S + 0.095 C^ 
+ 0.077 + 0.252 SC (4.4) 
E = 8594.688 + 119.019 C + 25.736 S - 2020.215 C .5 
- 1059.212 S'^ + 136. 435 S *^C"^ (4.5) 
W = 1536.144 + 21.156 C + 4.642 3 - 361.463 C*^ 
- 194.114 S'^ + 24.984 S *^C*^ (4.6) 
Table 4.1 shows the t values of the coefficients and the 
2 
R values obtained from these regressions. Between two-thirds 
and four-fifths of the total variation in egg production was 
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2 Table 4.1. R and t values for Equations 4.1 through 4.6 
bo ^1 ^2 ^3 ^5 
4.1 0. 6791 2.724 2.596 4. 858 
4.2 0. 7347 0. 305 3.161 5.516 
4.3 0. 7435 1.205 1.118 1.229 1 .109 0.938 1.387 
4.4 0- 7923 1. 389 1.307 1.499 1 .287 1.098 1.703 
4.5 0. 7415 1.148 1.089 1.118 1 .115 1.260 1.327 
4.6 0. 7945 1.536 1.449 1.510 1 .494 1.729 1.820 
^t^g(0.3) = 1.067. 
explained, depending on the type of function and the measure 
of production used. However, with the exception of the C-D 
function the t values of the coefficients are very weak, 
most being significant at a probability level of 0.2 to 0.3. 
The marginal equations and their implications 
Since the two sets of equations are similar, duplication 
will be avoided by calculating the derived quantities for 
only one of the dependent variables. The derivatives for 
the C-D function are presented in terms of number of eggs 
(E) but the results for weight of eggs (W) would differ only 
in terms of the magnitudes of the coefficients. 
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3E/ a C  = 7.3193 C 4331 g.2422 (4.7) 
3E/3S = 3.1832 C 5669 S 7578 (4.8) 
C E 
1.7640 (4.9) 
13.143 S 2422 
3C/3S = -0.4272 | (4.10) 
Equations 4.7 and 4.8 are derived from Equation 4.1. 
They define the marginal productivity of corn and soybean 
meal respectively. Diminishing productivity is indicated 
for each variable alone in Equation 4.1 since the exponents 
on both the C and S terms are less than 1.0. Also, since 
the sum of the two exponents is less than 1.0 the function 
shows a diminishing feed to egg transformation ratio as any 
ration consisting of fixed proportions of corn and soybean 
meal is fed in increasing quantities. The isoquant equation 
derived from 4.1 is given in Equation 4.9 while 4.10 shows 
the marginal rate of substitution equation. 
Figure 4.1 presents isoquants for three levels of egg 
production as calculated from Equation 4.9. Three isoclines 
are also shown. These latter are calculated by setting 
Equation 4.10 equal to selected substitution values and 
solving for C in terms of S. Thus, the line labeled 2.0 
traces the locus of points in the feed plane at which the 
marginal rate of substitution of soybean meal for corn 
equals 2.0. In the case of the C-D function the isoclines 
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are also scale lines emanating from the origin. Table 4.2 
shows feed combinations and marginal rates of substitution 
derived from Equation 4.1 for the three isoquants shown in 
Figure 4.1. The implied percentage protein levels are also 
shown. The marginal rate of substitution of soybean meal 
for corn in producing 200 eggs falls from 3.24 when 7.0 
pounds of soybean meal and 53.0 pounds of corn are used to 
1.09 when 15.0 pounds of soybean meal and 38.3 pounds of 
corn are fed. In other words, the marginal replacement 
value of one pound of soybean meal falls off quite fast as 
a relatively greater proportion of soybean meal is used in 
the diet. Similar explanations attach to the other columns 
of Table 4.2. The feed levels marked with a superscript 
fall outside the range of observations in Experiment 729. 
Derived equations for the quadratic and square root functions 
A similar format is used in presenting the marginal equa­
tions for the quadratic and square root functions. Again, 
the derivatives are made for only one ot tne dependent 
variables since the results for the other variable are com­
pletely symmetrical. Number of eggs is chosen for the 
quadratic (Equation 4.3) while weight of eggs (Equation 4.6) 
is used for the square root derivations. Equations 4.11 and 
4.12 show the marginal productivity derivations for corn and 
soybean meal for the quadratic, while Equations 4.15 and 4.16 
show the corresponding ones for the square root function. 
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Figure 4.1. Isoquants and isoclines from Cobb-Douglas 
production function (Equation 4.1) 
Table 4.2. Feed combinations and marginal rates of substitution derived from Cobb-
Douglas Equation 4.1 
180 eggs 200 eggs 220 eggs 
Lbs. Lbs. 3C/'3S Protein Lbs. Lbs. 9C/8S Protein Lbs. Lbs. 3C/8S Protein 
soy- corn % soy- corn % soy- corn % 
bean bean bean 
meal meal meal 
4.0 55.9 5.97 10.6 
5.0 50. 9 4 . 35 11.2 5.0 61.2* 5.23 10.7 
6.0 47.0 3.35 12.0 6.0 56.6* 4.03 11.6 
7.0 44.0 2.69 12.9 7.0 53.0 3.24 12.2 7.0 62.7* 3.83 11.6 
8.0 41.6 2.22 13.8 8.0 50.1 2.68 12.9 8.0 59.3* 3.17 12.3 
9.0 39.6 1. 88 14.7 9.0 47.6 2.26 13.7 9.0 56.4 2.67 12.9 
o
 
o
 
rH 
37.8^ 1.62 15.5 10.0 45.5 1.95 14.5 10.0 53.9 2.30 13.6 
11.0 43.7 1.70 15.2 11.0 51.7 2.01 14.3 
12.0 42.1 1.50 16-0 12.0 49. 8 1.77 15.0 
13.0 40.7 1.34 16.7 13.0 48.2 1.58 15.7 
14.0 39.4 1.20 17.5 14.0 46.7 1.42 16.3 
15.0 38.3 1.09 18.2 15.0 45.3 1.29 17.0 
16.0 37.3* 0.99 18. 8 16.0 44.1 1.18 17.6 
17.0 42.9 1.08 18.2 
18.0 41.9 0.99 18.9 
^Outside of range of observations in experiment. 
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The isoquant equations are derived from Equations 4.3 and 
4.6 as Equations 4.13 and 4.17 respectively. The respective 
marginal rate of substitution equations are 4.14 and 4.18. 
3E/3C = -69.844 + 1.218 C + 1.522 S (4.11) 
3E/3S = -75.583 + 0.980 S + 1.522 C (4.12) 
C = 57.343 - 1.250 S + 0.821 (-318.156 - 28.485 S 
+ 1.123 + 2.436 E)°*^ (4.13) 
_ -75.583 + 0.980 S + 1.522 C 
dc/db - _69,844 + 1.218 C + 1.522 S (4.14) 
3W/3C = 21.156 - 180.731 C~"^ + 12.492 S'^ C~*^ (4.15) 
3W/3S = 4.642 - 97.057 s"'^ + 12.492 S~'^ C'^ (4.16) 
C = [8.5428 - 0.5905 S'^ + 0.0236 (660.813 
- 1634.875 S"^ + 231.375 S + 84.624 
(4.17) 
3C/3S = 4.642 - 97.057 S"': + 12.492 C'^ 
21.156 - 180.731 C '^ + 12.492 S C 
However, Equations 4.3 or 4.6 do not appear suitable as 
estimators of the overall egg production function. This was 
evident from the signs of the coefficients on these equations 
but is more readily apparent from the derived equations of 
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marginal productivity- Equation 4.11 shows that the marginal 
product of corn increases with level of feeding while Equa­
tion 4.12 shows a similar situation for soybean meal. In 
other words, each pound of either feed ingredient, other 
things equal, would add more to egg output than the previous 
pound over all feeding levels. Similar statements apply to 
Equations 4.15 and 4.16 and, by symmetry, to production 
function Equations 4.4 and 4.5 also. 
In the milk study (30) exactly the same problem was en­
countered. One approach used in that study was to drop off 
certain terms from the regression equations. This enabled di­
minishing returns to be obtained and gave the added bonus of 
better t values for the coefficients. Of course, the approach 
is not without its disadvantages, the most obvious being the 
restrictions it imposes on the functions and the implications 
these have for the derived quantities= Figure 4.2 later 
illustrates the problem as it affects the isoquants, isoclines 
and ridgelines while Appendix C presents a method of program­
ming the derived equations for computer calculations. The 
implied hypothesis is that no interaction occurs between the 
inputs, a rather 'oi.g crj surety t ion in the case of ration in­
gredients. However, it is interesting to make this assump­
tion of no interaction between the inputs and examine its 
effects on the revised functions and their derived equations. 
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Revised functions for the overall period 
If the CS interaction term is dropped from the quadratic 
as estimated by Equations 4.3 and 4.4 then Equations 4.19 
and 4.20 result. Similarly, if the interaction term is 
dropped from the square root functions we get Equations 4.21 
and 4.22. 
E = -276.505 + 14.509 C + 9.560 S - 0.125 - 0.203 
(4.19) 
W = -67.183 + 2.957 C + 1.665 S - 0.026 - 0.037 
(4.20) 
E = -1194.034 - 21.459 C - 3.427 S + 330.788 C*^ 
+ 54.992 S'^ (4.21) 
W = -256.389 - 4.568 C - 0.698 S + 69.058 C*^ 
+ 9.921 S*^ (4.22) 
E = 81.538 + 1.734 C + 3.829 S (4.23) 
N = 6.651 + 0.287 C + 0.593 S (4.24) 
Prom the signs on the coefficients of the revised quad­
ratic and square root equations it is clear that diminishing 
returns are indicated for both corn and soybean meal. In 
addition, the t values of the coefficients improve somewhat 
as shown in Table 4.3, The marginal equations are derived 
in terms of weight of eggs only though a corresponding set 
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Table 4.3. R and t values for Equations 4.19 through 4.24 
„ Value of t in order of coefficient in equation^ Equation = ^ 
R bp b^ b^ b^ b^ 
4.19 . 7162 0.789 1.000 2.533 0.834 1.293 
4.20 .7589 1.388 1.475 3.196 1.269 1.727 
4.21 . 7163 0.906 0.767 0.491 0.852 1.208 
4.22 . 7556 1.402 1.177 0.721 1.282 1.571 
4.23 .6519 1.542 1.843 4.113 
4.24 . 6510 0.839 2.031 4.251 
't^g(0.2) = 1.330. 
could also be calculated for number of eggs. Equations 4.25 
through 4.28 show the marginal productivity, isoquant and 
marginal rate of substitution equations derived from Equa­
tion 4.20. Corresponding derivatives for the square root 
function (Equation 4.22) are shown in Equations 4.29 through 
4.32. 
3W/8C = 2,957 - 0.052 C (4.25) 
aW/9S = 1.565 - 0.074 S (4.26) 
C = 56.865 + 19.231 (1.757 + 0.173 S 
0.5 
0.004 S' 
3c/as = 
- 0.104 W) 
1.665 - 0.074 S 
2.957 - 0.052 C 
(4.27) 
(4.28) 
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9W/3C = -4.568 + 34.529 C 5 (4.29) 
3W/3S = -0.698 + 4.960 S 5 (4,30) 
C = [7.559 + 0.1095 (84.270 + 181.276 S 
- 18.272 W)°'5]2 
5 12.754 S 
(4.31) 
3C/3S -0.698 + 4.960 S (4.32) 
-4.568 + 34.529 C~'^ 
The most obvious effect of dropping the interaction term 
is that all the derived equations are simplified. This is 
seen, for example by comparing Equations 4.25 through 4.28 
with 4.11 through 4.14. The isoquant equation is restricted 
by the loss of an S term, while the truncated marginal 
productivity equations give rise to much simplified marginal 
rate of substitution equations. Consequently, isoclines 
derived from Equation 4.28 will also be restricted and the 
two ridgelines become perpendicular to the axes. Figure 4.2 
shows the net result o£ tnese restrictions for isoquants cf 
22, 25, and 28 pounds of eggs as derived from Equation 4.20. 
Four isoclines, corresponding to marginal substitution rates 
of soybean meal for corn of 0.5, 1.0, 2.0 and 3.0 are also 
shown. These isoclines converge to the point (22.5, 56.9) 
which denotes maximum egg production per bird if Equation 4.20 
is used for prediction. From this point the ridgelines fall 
perpendicular to the axes. A similar result occurs for square 
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Figure 4.2. Isoquants, isoclines and ridgelines for re­
vised quadratic production function 
(Equation 4.20) 
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root Equation 4.22. In this case the ridgelines are also 
perpendicular to the axes but the isoclines are curved 
and pass through the origin. Again, they converge to a point 
representing peak production per bird. 
2 Of course, one can go further and also drop off the C 
2 2 
and/or S term from the function. Dropping the C term in 
addition to the CS interaction gives isoclines that are linear 
and vertical (perpendicular to the S axis). In this case 
the optimum ration would be determined by finding that 
quantity of soybean meal which results in a marginal product 
3E/3S equal to the price ratio of soybean meal to eggs 
(Ps/Pe) and corn would be fed to digestive capacity. Similar 
2 
statements apply, mutatis mutandis, to corn if the S term 
is dropped from the function. Dropping all quadratic terms 
leaves only a linear function such as that estimated by 
Equations 4.2 3 and 4.24. The derived quantities for Equation 
4.24 are given by Equations 4.33 through 4.36. 
3W/3C = 0.287 (4.33) 
3W/3S = 0.593 (4.34) 
C = 3.484 W - 2.066 S - 23.174 (4.35) 
3C/3S = 2.066 (4.36) 
With such a function constant productivity of corn and 
soybean meal is implied irrespective of level of feeding. 
The isoquants are straight lines and the marginal rate of 
Table 4.4. Feed combinations and marginal rates of substitution derived from 
quadratic Equation 4.20 
22 lbs. , eggs 25 lbs. 1 2ggs 28 lbs. eggs 
Lbs. Lbs. 3C/8S Protein Lbs. Lbs. 9C/3S Protein Lbs . Lbs. 3C/3S Protein 
soy­ corn % soy­ corn % soy­ corn % 
bean bean bean 
meal meal meal 
4.0 50.9 4.39 10.6 
5.0 47.6 2.68 11.6 
6.0 45.3 2 .03 12.2 6.0 52.5 5.41 11.7 
7.0 43.5 1.65 13.0 7.0 48.9 2. 77 12. 5 
8.0 42.0 1.39 13. 7 8.0 46.6 2.01 13.3 
9.0 40. 8 1.19 14.5 9.0 44.9 1.60 14.0 9.0 51.5 3.58 13.3 
10.0 39.7 1.03 15.2 10.0 43.4 1.32 14.7 10.0 48.8 2.21 14.1 
11.0 38.7 0.90 16.0 11.0 42. 3 1.12 15.4 11.0 47.0 1.66 14.8 
12.0 37.9^ 0. 79 16.7 12.0 41.3 0.96 16.1 12.0 45.6 1.32 15.5 
13.0 37. 2^ 0.69 17. 3 13.0 40.4 0.82 16.8 13.0 44.4 1.09 16.2 
14.0 39.7 0.71 17.4 14.0 43.5 0.91 16.8 
15.0 39.1 0.60 18.0 15.0 42.7 0.76 17.4 
16.0 38.6 0.51 18.6 16.0 42.1 0. 63 17.9 
17.0 41.6 0.51 18.5 
18.0 41.2 0.41 19.0 
^Outside of range of observations in experiment. 
Table 4.5. Feed combinations and marginal rates of substitution derived from 
square root Equation 4.22 
22 lbs, eggs 25 lbs, eggs 2 8 lbs, eggs 
Lbs. Lbs. 3C/9S Protein Lbs. Lbs. 3C/9S Protein Lbs. Lbs. 3C/9S Protein 
soy- corn % soy- corn % soy- corn % 
bean bean bean 
meal meal meal 
5.0 49.3 4 . 37 11.3 
6.0 46.1 2. 55 12 .1 
7.0 43.9 1. 83 12.9 7.0 50.4 3.96 12.4 
8.0 42 .3 1.42 13.7 8.0 4 7.4 2.35 13.2 
9.0 41.0 1.16 14.5 9.0 45.4 1.71 13.9 
10.0 39 .9 0.97 15.2 10.0 43.9 1. 35 14.7 10.0 50.3 2.88 16.0 
11.0 39.0 0. 83 15.9 11.0 42.6 1.11 15.4 11.0 47.9 1.91 14.7 
12.0 38.3 0. 72 16 .6 12,0 41.6 0.94 16.1 12.0 46.3 1.45 15.4 
13.0 37. 6^ 0.64 17.3 13.0 40.7 0.81 16.7 13.0 45.0 1.17 16.1 
14.0 40.0 0.70 17.6 14.0 43.9 0.98 16.7 
15.0 39.3 0.62 18.0 15.0 43.0 0. 84 17.3 
16.0 38.7 0. 55 18.6 16.0 42.2 0.73 17.9 
17.0 38.2 0.50 19.1 17.0 41.6 0.64 18.5 
18.0 41.0 0. 57 19.0 
19.0 40.4 0.51 19.6 
^Outside of range of observations in experiment. 
Table 4.6. Feed coznbinations and marginal rates of substitution derived from 
linear Equation 4.24 
22 lbs. . eggs 25 lbs. e ggs 28 lbs. 1 eggs 
Lbs. Lbs. 3C/3S Protein Lbs . Lbs. 9C/3S Protein Lbs. Lbs. 9C/3S Protein 
soy­ corn % soy­ corn % soy­ corn % 
bean bean bean 
meal meal meal 
4.0 45.2 2.066 10.9 4.0 55. 7 2.066 10.4 
5.0 43.1 2.066 11.7 5.0 53.6 2.066 11.0 
6.0 41.1 2.066 12.6 6.0 51.5 2.066 11.7 
7.0 39 .0 2.066 13.5 7.0 49.5 2.066 12.6 
8.0 36.9^ 2.066 14.4 8.0 47.4 2.066 13.2 8.0 57.9^ 2 . 066 12. 3 
9.0 45.3 2.066 14.0 9.0 55. 8 2.066 13.0 
10.0 43.3 2.066 14.7 10.0 53.7 2.066 13.6 
11.0 41.2 2. 066 15.6 11.0 51.7 2.066 14.3 
12.0 39 .1 2.066 16.5 12.0 49.6 2.066 15.0 
13.0 37.1^ 2.066 17.6 13.0 47.5 2.066 15.7 
14.0 45.5 2.066 16.5 
15.0 43.4 2.066 17.3 
16.0 41.3 2.066 18.1 
17.0 39.3 2.066 18.9 
18.0 37.2^ 2.066 19.8 
^Outside of range of observations in experiment. 
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substitution between soybean meal and corn is constant regard­
less of the proportions of these ingredients in the ration. 
A linear production function generally calls for extremes 
in rations, one ingredient or the other being fed alone or 
not at all depending on relative prices. 
Tables 4.4 through 4.6 show feed combinations and mar­
ginal rates of substitution (3C/8S) derived from Equations 
4.20, 4.22 and 4.24 respectively. These quantities are calcu­
lated for three isoquant levels corresponding to low, medium 
and high production per bird. In general, the results for 
the quadratic and square root equations are quite similar 
while those for the linear differ from both. The marginal 
rates of substitution compare well for 4.20 and 4.22 and 
tend to be lower than those estimated from the Cobb-Douglas 
function as seen in Table 4.2. 
Functions with Time as a Variable 
Since timp (stage of lay) is an important variable 
affecting the level of egg production several functions were 
run which included time as an explanatory variable. In these 
regressions the variables are defined as follows : 
E = total number of eggs produced per bird per 28 days, 
W = total pounds of eggs produced per bird per 28 days, 
C = total pounds of corn equivalent consumed per bird per 
28 days, 
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S = total pounds of soybean meal equivalent consumed 
per bird per 28 days/ 
T = time in 28-day periods measured by the numbers 1 
through 10. 
Four types of function were estimated for both dependent 
variables (E and W) and the results are shown in Equations 
4.37 through 4.44. The first three pairs consist of Cobb-
Douglas, quadratic and square root equations respectively. 
The last pair is an adaptation of a function found to give 
good results in the milk study (30). 
E = 9.798 C'5305 g.2334 ^-.0605 (4.37) 
W = 1.066 C'5927 g.2642 ^ -.0078 (4.38) 
E = -4.0164 + 6.6423 C + 5.3157 S + 0.3745 T 
- 0.5282 - 1.3238 + 0.0007 T^ 
+ 0.5630 CS - 0.1106 CT - 0.1889 ST (4.39) 
W = -1.0931 + 0.9207 C + 0.7028 S + 0.1312 T 
-0.070b - 0.2553 - 0.0042 
+ 0.1321 CS - 0.0146 CT - 0.0262 ST (4.40) 
E = 
-62.2865 - 10.7807 C - 2.0212 S - 0.3397 T 
+ 55.7759 C'^ + 8.8787 S'^ + 7.3127 T*^ 
+ 3.4270 C'^ S'^ - 2.5357 C ^ T'^ 
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W = -4.9589 - 1,1013 C - 0.4526 S - 0.0928 T 
+ 4.8045 C"^ - 0.3302 S'^ + 0.8615 T'^ 
+ 1.3242 C'^ S'^ - 0.1555 C*^ T*^ 
- 0.1708 S*^ T*^ (4.42) 
E = 6.1679 + 2.2977 C + 4.9598 S + 0.1007 T 
- 0.0145 T - 0.1022 T (4.43) 
W = -0.0357 + 0.4001 C + 0.8060 S + 0.0537 T 
- 0.0020 T - 0.0161 T (4.44) 
2 Table 4.7 shows the R and t values of the coefficients 
obtained in these regressions. The quadratic and square root 
equations explained about three-quarters of the variation 
in number of eggs produced per bird per 28-day period. Cobb-
Douglas Equations 4.37 and 4.38 explained a lower proportion 
of the variation but gave higher t values. Indeed, on the 
2 basis of t value and R criteria one might select 4.43 as an 
appropriate prediction equation for number of eggs. However, 
this function did not perform well for weight of eggs as 
shown by Equation 4.44. It should also be kept in mind that 
the t values for these coefficients are questionable. Re­
peated observations were taken on the same experimental units 
and hence cannot be regarded as independent. Fuller (19) 
points Out that while autocorrelation does not bias the 
coefficients it does affect the t tests. This question is 
2 Table 4.7. R and t values for Equations 4.37 tlirough 4.44 
liyudcxuii 
^0 ^2 ^3 ^4 ^5 ^6 ^7 ^8 ^9 
4 .37 .6794 30.867 11.185 18.142 13.714 
4.38 .6182 0.801 11.635 19.124 1.645 
4.39 .7505 0.213 1.033 0.798 0.791 0.963 1.769 0.069 0.494 1.306 2.106 
4e40 .6603 0.409 1 .010 0,744 1.954 0.983 2.405 3.110 0. 818 1.216 2.062 
4.41 .7515 0.843 1.051 0.631 1.871 1.015 0.330 1.856 0.343 1.607 2.250 
4 .42 .6625 0.473 0.758 0.997 3.608 0.617 0.086 1.543 0.935 0.695 1.495 
4.43 .7381 2.591 5.277 10.266 0.550 1.922 3.135 
4.44 .6092 0.101 6.17 7 11.217 1.975 1.820 3.323 
^t^ç,Q(0.05) = 1.97. 
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taken up later in the study and is merely noted at this stage. 
From a logical consideration of egg production response it 
is likely that the quadratic function would be chosen. The 
square root function has many similar properties in that 
it allows a single maximum to be reached and gives isoclines 
which allow changing ration specifications as higher levels 
of production are attained. These functions also allow 
full interaction of the ration ingredients C and S with time. 
However, the coefficient on the S'^ term in Equation 4.42 
is negative, implying increasing returns to soybean meal. 
Hence the quadratic Equations 4.39 and 4.40 are selected 
for estimating egg production surfaces, feed substitution 
rates and profit maximizing rations. 
Derived equations 
Equations 4.39 and 4.40 are used to predict feed com­
binations and marginal rates of substitution of soybean 
meal for corn for various isoquant levels in selected months 
of the experimental period. It is not feasible to present 
these estimates for all of the ten 28-day periods. Instead, 
periods 1, 4, 7 and 10 were selected as being representative 
of the egg production cycle; period 1 showing an early phase 
with relatively low production, period 4 roughly corresponding 
to peak production and periods 7 and 10 showing the decline 
in production towards the end of the season. Hence, in 
deriving the quantities shown^ T was set at 1, 4, 7 or 10 and 
8 3  
Equations 4.39 and 4.40 treated as though they were quad­
ratics in the two variables C and S. The effect of time 
period is reflected through its impact on certain of the 
coefficients of the derived equations. The isoquant equation 
derived from 4.39 with T = 4 (fourth month) is shown in 
Equation 4.45 while 4.46 gives the marginal rate of substi­
tution equation for the same period. Equations 4.47 and 4.4 8 
present the corresponding items for weight of eggs as derived 
from Equation 4.40. 
C = 5.8689 + 0. 5329 + (-0.9466) [33.1415 -}- 16.6156 S 
- 2.4800 S2 - 2.1128E]°"5 (4.45) 
_ 4.5601 - 2.6476 S + 0.5630 C 
3C/3S 6.1999 - 1.0564 C + 0.5630 S (4.46) 
C = 5.6359 + 0.8634 S + (-6.5359) [0.5491 -f 0.4108 S 
- 0.0607 - 0.3060 W]°*^ (4.47) 
3C/3S - 0.8523 - 0.1530 C + 0.1321 S (*'48) 
Though presented for T = 4, these equations can be cal­
culated for any of the ten monthly (28-day) periods simply 
by plugging in the appropriate value for T. Equations 4.39 
and 4.40 can also be differentiated with respect to T, to 
yield marginal time-yield Equations 4.49 and 4.50. These 
derived equations indicate the rate of change in egg production 
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associated with each unit increase in time and can be evalu­
ated for various values of T. 
3E/3T = 0.3745 + 0.0014 T - 0.1106 C - 0.1889 S (4.49) 
3W/3T = 0.1312 - 0.0084 T - 0.0146 C - 0.0262 S (4.50) 
Production surfaces, isoquants and marginal rates of 
substitution 
Egg production surfaces derived from Equations 4.39 and 
4.40 are shown in Figures 4.3 and 4.4 respectively for the 
fourth month of the experiment (T = 4). Feed ranges of 3.0 
to 5.6 pounds of corn and 0.4 to 2.0 pounds of soybean meal 
were chosen for these diagrams. The productivity curve for 
soybean meal rises relatively faster than that for corn but 
both flatten out rather quickly- Ridgelines are not drawn 
since they mostly fall outside the range of feed values chosen. 
Isoquants representing feed combinations predicted to give 
those outputs are depicted in both diagrams. In Figure 4.3 
rhese isoquauLs represent number of eggs while in Figure 4.4 
they are in terms of pounds of eggs per bird. 
Tables 4.8 and 4.9 show feed combinations and marginal 
rates of substitution for several output levels derived from 
Equations 4.39 and 4.40 respectively. Both tables are calcu­
lated for the fourth period and correspond rather closely. 
Marginal substitution rates SC/3S tend to be higher in Table 
4.9 however, if one takes the 2.25 pound isoquant as 
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Figure 4.3. Egg production surface from Equation 4.39, T=4 
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Figure 4.4. Egg production surface from Equation 4.40, T=4 
Table 4.8. Feed combinations and marginal 
quadratic Equation 4.39 (T=4) 
rates of substitution derived from 
Level of 
soybean 
meal 
(lbs per 2 8 
hen-days) 
Pounds of corn required to 
maintain egg output per 
hen per 2 8 days of 
14 16 ^ 18 20 22 24" 
eggs eggs egcjs eggs eggs eggs 
Marginal rates of substitution 
(3C/9S) along egg 
isoquant of 
14 
eggs 
16 
eggs 
18 
eggs 
20 
eggs 
22  
eggs 
24 
eggs 
0.4 3. 12^ 3.85 4 . !)8 1. 68 2.40 5.40 
0.5 2. 96^ 3.63 4. 55 1. 46 1.99 3.47 
0.6 3.44* 4 . 2 5 1.69 2.62 
0.7 3.29^ 4. 0 2 5.16 1.46 2.11 4.92 
0. 8 3.15* 3. 32 4.77 1.27 1.76 3.19 
0.9 3.03* 3. (56 4.50 1.11 1.49 2.41 
1.0 3. 52 4.28 5.56 1.28 1.93 5.65 
1.1 3. 40* 4.11 5.14 1.11 1.60 3.26 
1.2 3. 30* 3.96 4. 86 0.96 1.34 2.37 
1.3 3. 21* 3.84 4.65 0.83 1.14 1. 85 
1.4 3.73 4.49 5.75 0.97 1.50 4.48 
1.5 3.64 4.35 5.41 0.83 1.24 2.72 
1.6 3.57 4.24 5.18 0.70 1.03 1.98 
1.7 3.50* 4.14 5.00 0.59 0. 86 1.53 
1.8 4.06 4.86 0.71 1.22 
1.9 4.00 4.75 0.59 0.98 
2.0 3.95 4.67 0.47 0.79 
^Outside of range of observations in experiment. 
Table 4.9. Feed combinations and marginal 
quadratic Equation 4.40 (T=4) 
rates of substitution derived from 
Level of 
soybean 
meal 
(lbs per 2 8 
Pounds of corn required to 
maintain egg output per 
hen per 2 8 days of 
2.00 2.25 2 .'50 2.75 3.00 
lbs. lbs. lbs. lbs. lbs. 
3.25 
lbs. 
Marginal rates of substitution 
(3C/3S) along egg 
isoquant of 
2.00 
lbs. 
2.25 
lbs. 
2.50 
lbs. 
2 .75 
lbs. 
3.00 
lbs. 
3.25 
lbs. 
0.4 4 . 00 5.19 3.05 8.74 
0.5 3. 74 4.9 2.34 4.21 
0.6 3. 53 4.25 5.54 1.88 2.94 10.96 
0.7 3. 36^ 3.99 4.90 1.55 2.23 4.34 
0. 8 3.79 4. 55 1.78 2.91 
0.9 3. 61 4.30 5.32 1.45 2.18 5. 01 
1.0 3.50^ 4.11 4.93 1.20 1.72 3.08 
1.1 3.39* 3.95 4.76 5.95 0.99 1.39 2.23 8.42 
1.2 3.30* 3.83 4.47 5.42 0.82 1.13 1.71 3.66 
1.3 3.72 4.32 5.12 0.92 1.35 2.44 
1.4 3.64 4.20 4.91 6.17 0.74 1.08 1.80 6.73 
1.5 3.58 4.10 4.76 5.72 0.59 0. 87 1. 38 3.18 
1.6 3, 52 4.03 4.63 5.46 0. 46 0.68 1.08 2.12 
1.7 3.97 4.54 5.28 0.53 0. 84 1.54 
1.8 3.92 4.47 5.15 0.39 0.64 1.15 
1.9 3. 89 4.41 5.05 0.27 0.48 0.87 
2.0 3.87 4.37 4.98 0.16 0.34 0.64 
^Outside of range of observations in experiment. 
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approximately corresponding to the 18 egg isoquant in Table 
4.8. Diminishing productivity is shown by both feeds but is . 
easier to see for corn from the tables. From Table 4.8 we 
see that if soybean meal is held constant at 1.0 pounds it 
takes 4.28 pounds of corn to produce 20 eggs. This represents 
an additional 0.76 pounds of corn from that needed to produce 
18 eggs. To get 22 eggs however, requires 1.28 pounds more 
than the 4.28 pounds calculated to produce 20 eggs. By 
fixing a level of corn such as 3.85 pounds and moving to 
successively higher isoquants we see that diminishing 
productivity also holds for soybean meal. The tables show 
that the marginal rate of substitution of soybean meal for 
corn (3C/oS) increases (1) as the ration includes a greater 
proportion of corn for given egg output and (2) as higher 
egg outputs are attained with greater inputs of corn, soy­
bean meal remaining constant. 
Isoquants for the fourth and seventh periods derived from 
Equation 4.39 are presented in Figure 4.5. Equal increments 
of output are represented between successive isoquants, in 
this case 2 eggs per hen per 2 8 days. For either time period 
the tendency for successive isoquants to spread further 
apart as we move to higher output levels is indicative of 
decreasing returns to feed. Also, taking any isoquant, such 
as 20 eggs, we find it lies further to the right in period 7 
than in period 4. In other words after the peak is reached 
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5. 8r 
\ 
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0.4 0.8 1.2 1.6 2.0 
Pounds of soybean meal per 28 hen-days 
Figure 4.5. Isoquants from Equation 4.39 for periods 4 and 7 
representing number of eggs per 28 hen-days 
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about period 4 more of any ration combination is needed to 
produce a given quantity of output as the stage of lay (time) 
increases. Within the feed ranges shown the 24 egg isoquant 
is just attainable in the seventh month. The egg contours 
also display greater curvature at higher production levels 
indicating that, as feeding levels increase smaller ranges 
of feed combinations will allow a specified level of egg 
production. In the limit, at the point of isocline conver­
gence, only one feed combination would allow maximum egg 
production per bird. It is also apparent that as time 
progresses the same isoquant, such as 20 eggs, becomes more 
curved reflecting more rapid changes in substitution rates 
as feed proportions are varied in attaining that output level. 
Concluding Summary 
This chapter has examined functions for both the overall 
and 2 8-day data. The search for an overall function based 
cn ration ingredients proved Imss than satisfactory just as 
it did in the milk and other studies reported in Heady and 
Dillon (28). To get diminishing returns using a quadratic 
or square root function it was found necessary to drop the 
interaction term. This was shown to impose severe restric­
tions on the function and its derived equations. To use this 
function in the present study we would have to assume that 
there is, in fact, no interaction between corn and soybean 
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meal in the nutrition of the laying hen. Other functions 
studied such as the Cobb-Douglas and simple linear function 
were likewise not regarded as suitable representations of 
the overall egg production function. 
However, the primary objective was to find a suitable 
prediction equation for egg production by commercial type 
layers during their first season of production. Using the 28-
day data, equations 4.39 and 4.40 were selected for this 
purpose. Both are quadratic type functions based on ration 
ingredients and time or stage of lay. They are similar 
in form except that Equation 4.39 uses number of eggs (hen-
day production) as its index of output while Equation 4.40 
uses pounds of eggs. Both equations are carried along to 
see if the economic implications are similar for the two 
measures of production. However, before turning to the 
economic implications some statistical problems relating to 
the estimation of these functions are discussed. This is 
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CHAPTER V. STATISTICAL PROBLEMS OF ESTIMATION 
Introduction 
From a statistical viewpoint the production functions 
estimated in Chapter IV have certain limitations. Among 
these are problems of estimation arising from violation of 
the assumptions of least squares regression. Such problems 
are not peculiar to egg production experiments but are common 
to most animal feeding trials as traditionally conducted. The 
nature of these experiments is such that normally a trade-off 
has to be made between what is statistically desirable and 
what is economically feasible. To satisfy all the statistical 
requirements may not be acceptable because of cost considera­
tions but to ignore them entirely would surely be unwise. 
The analysis in this chapter is based on a recent paper 
by Fuller (19) which points out these problems and offers 
some solutions. To some extent the proposed solutions are 
of a partial or second best nature. However, they do provide 
statistical help in calculating the seriousness of the 
problems involved and improving the estimates of the regression 
coefficients. Many of the problems discussed were encountered 
in the experiment used in this study. Hence, the data is re­
examined to determine the extent of the bias in functions 
such as those estimated by Equations 4.39 and 4.40. 
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Theoretical Considerations 
Fuller's paper recognizes three main problems associated 
with estimating a response surface from a typical animal 
feeding experiment. Two of these arise when repeated observa­
tions over time are taken on the same experimental unit. The 
third occurs where animals are self fed and the amount of feed 
ingested actually becomes a random variable. 
The problem of correlated errors (autocorrelation) may 
arise when several lots of animals are fed the same ration in 
the same manner over a period of time. In such a feeding 
arrangement it is quite likely that a given lot will con­
sistently be above or below average resulting in successive 
observational errors being positively correlated. Recall, 
however, that least squares regression requires that suc­
cessive errors be distributed independently of each other, 
= 0, i^j. Autocorrelation does not of itself bias 
the estimates of the least squares regression coefficients. 
It does however affect the efficiency (minimum variance) of 
these estimators. Also, the ordinary estimates of standard 
errors and the t and F tests are no longer applicable. 
Early production studies such as those reported in Heady and 
Dillon (28) recognized the danger of taking successive measure­
ments on the same animal or lot of animals. However, the 
solution to the problem was usually regarded as that of 
calculating the "effective" degrees of freedom to use in the 
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tests. This was thought to be a sort of compensating device. 
However, using a reduced number of degrees of freedom does 
not overcome the fact that the t and F distributions lose 
their validity and the usual formula for the variance of an 
estimate no longer applies. 
A second type of correlation may also be present in such 
experiments. Environmental conditions affecting all experi­
mental units alike at any particular time may result in 
observed irregularities in the production surface. Indeed 
this probably happened in the fifth month of Experiment 729 
as discussed in Chapter III. The inclusion of environmental 
factors such as temperature in later milk production studies 
(29) showed an awareness of these disturbances. To the extent 
that the causes were correctly identified and the appropriate 
variables used this approach probably reduced the effect of 
such disturbances. However, replication of entire experi­
ments would be required to adequately estimate the parameters 
of this random time component. 
The third problem dealt with arises when animals are 
fed ad libitum. Where animals are allowed free access to 
the feed it is possible to fix either the time intervals at 
which observations are taken or the quantity of feed consumed. 
It is not possible to control both at the same time. In the 
usual experimental situation observations on production and 
feed consumption are taken at fixed intervals of time such 
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as a week or month. Where animals are self fed with full-
time access to the feed the amount of feed consumed, being 
determined by the animal, becomes endogenous. Hence, using 
the quantity of feed consumed as an independent variable 
violates the assumptions of least squares regression since 
feed consumption is not fixed but is measured with error. 
Production coefficients estimated in this way will be biased. 
Fuller (19) claims that the problem is analogous to that of 
simultaneous equations and shows how the bias may be re­
duced by using means of several replicates instead of the 
individual observations. 
Fuller's paper deals with meat producing animals and 
is illustrated with data from a hog fattening experiment. 
With certain modifications to take care of flow type products 
and the direct introduction of time into the production func­
tion the method can be applied to the data from Experiment 
729. These modifications are introduced as encountered in 
the analysTS-
Analytical Procedure 
The first step in the analysis is the construction of 
the analysis of variance shown in Table 5.1. The AOV table 
is analogous to that for the classical split plot experiment 
where the lots of animals correspond to the main plots and 
the repeated time observations represent the sub-plot treat­
ments. The analysis differs from the usual split plot in that 
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the sub-plot treatments (time) are not randomized within the 
main plots. The model for this analysis may be represented as 
= W + «i + + Tt + "it + ^ijt (S-ll 
i = 1,2,...m (4 rations) 
j = 1,2/...k (6 replicates) 
t = 1,2,...N (10 time periods) 
where 
Y... = egg production per hen (E or W) for the t 2 8-
day period of lot j receiving treatment i. 
y = overall mean 
= treatment (ration) effects 
e^j = error associated with lot j within treatment i 
= time effects 
= time by treatment interaction 
E... = error associated with time determinations within 
In general, one would not expect successive production 
and feed observations on the same lot of birds to be inde­
pendent. Those experimental units that give higher than 
average egg production in one period are likely to do so 
again in succeeding periods. Likewise, some units may show 
consistently high feed intake levels while others show 
equally consistent low feed consumption throughout the entire 
laying season. The resulting correlation or dependence is 
expressed in the split plot model as a lot component as seen 
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in Table 5.1. In previous experiments, all of which dealt 
with meat production, taking first differences (or pseudo 
differences based on the estimated autocorrelation coeffi­
cient p) resulted in the removal of this lot component (19). 
In this study p was estimated by 
4 6 10 
1=1 1=1 t=l 
p .  —  
i!i 
where 
y, . = egg production per hen at time t of lot j 
receiving treatment i 
Y. = mean egg production per hen at time t of the lots 
^ * receiving treatment i. 
The estimated values for p were 0.7102 for number of eggs (E) 
and 0.7485 for weight of eggs (W). Using these values for p 
the data were transformed as 
^ijt = ^ijt ~ P^ijt-l (5.2) 
and the AOV was repeated for the transformed data. 
The result for number of eggs (E) is shown in Table 
5.1. The autocorrelation transformation reduced the ratio 
of the mean square for lots within treatments to the mean 
square for time by lots within treatments from 9.42 for the 
original data to 1.362 for the transformed data. The 
corresponding ratios for W were 11.82 and 1.297. Using the 
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Table 5.1. Split plot analysis of egg production per 28 hen-
days (E) 
Source of variation df ms F ratio 
Untransformed data 
Treatments (rations) 3 46.0808 86. 60 
Lots/treatments 20 5.0139 9. 42** 
Time periods 9 40.7338 76. 56 
Time x treatments 27 0.8987 1. 69 
Time X lots/treatments 180 0.5321 
Transformed data (p=l) 
Lots/treatments 20 0.1767 0. 294 
Time X lots/treatments 180 0.6007 
Transformed data (p=.71) 
Lots/treatments 20 0.6455 1. 362 
Time X lots/treatments 180 0.4740 
** 
Denotes significance at the 1% level. 
simple first order au tor agressive model v/ith p=l (first 
differences), as was done in previous experiments for meat 
animals, reduced the above ratio to 0,294 for E and 0.271 for 
W. In other words the autocorrelation transformation using 
the estimated p values effectively removed the lot component 
of error in the model. Since the F ratio for lots/treatments 
was no longer significant, the error component for lots was 
assumed equal to zero and the errors were pooled. Hence, our 
2 best estimate of a is 0.009175 for W and 0.4911 for E. In 
passing we note from Table 5.1 that the P ratio for treatments 
46.08/5.02 is significant so the hypothesis that all the 
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Table 5.2. Split plot analysis of egg production per 28 
hen-days (W) 
Source of variation df ms F ratio 
Untransformed data 
Treatments (rations) 3 1.0279 107.59 
Lots/treatments 20 0.1130 11.82** 
Time periods 9 0.3513 36.77 
Time X treatments 27 0.0208 2.18 
Time X lots/treatments 180 0.0096 
Transformed data (p=l) 
Lots/treatments 20 0.0030 0.271 
Time X lots/treatments 180 0.0110 
Transformed data (p=.75) 
Lots/treatments 20 0.0116 1.297 
Time X lots/treatments 180 0.0089 
* * 
Denotes significance at the 1% level. 
treatments are alike would be rejected. 
Goodness of fit tests 
Unfortunately, our data does not permit a test of the 
adequacy of the overall quadratic model. The general two-
variable quadratic requires that we estimate a minimum of 5 
parameters assuming the constant term zero. To obtain a 
goodness of fit test therefore requires at least 6 independent 
observations or treatments. Experiment 729 had only 4 rations 
and so at best would permit the testing of a three parameter 
model for the overall function. 
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However, the data does allow us to test the hypothesis 
that the quadratic function in C and S may be used to repre­
sent production throughout the range of the experiment. To 
conform with Equations 4.39 and 4.40 we modify the analysis 
at this stage to incorporate T directly into the equation. 
The analysis implicitly assumes that the time mean square 
may contain two components. One is a treatment component 
associated with feed consumption, the other a random component 
due mainly to environmental disturbances. Temperature or 
humidity common to a particular time may affect egg production 
of all lots alike. The fixed or treatment component is ex­
pected to be explained by the production surface. If a sig­
nificant lack of fit shows up we may conclude that either 
the functional form is inadequate or that sizeable random 
time effects are present. 
Regressions on the transformed variables 
Usinq the 40 means the following regression model was 
fitted : 
Y 
+ 0 T^ 4- 6,CS, + GoCT, + 3qST, ^ 
V ! j. # I»» w JL # L» ^ «W • w 
7 
+ 1 
t=l 
(5.3) 
2 
where all the variables except T, T and Dt were first 
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transformed as in Equation 5.2. For example 
%i.t = ?i.t - P?i.t-1 
^i.t " ^i.t " P^i.t-1 (5'*) 
^i^.t " ^i.t " P^i.t-1 Gtc. 
2 T and T represent time in 28-day periods as in Equations 
4.39 and 4.40, Dt represents a set of dummy variables with 
zero means for the remaining 7 df associated with time effects. 
The regression was first computed with all variables and 
2 then with the time effects T, T , Dt removed. First the 
cubic and higher order time effects (Dt) were dropped, then 
T and finally the model was fitted using the feed variables 
C through ST alone. Then the AOV in Table 5.3 was constructed 
for weight of eggs (W). The mean squares for all these 
variables were tested using the pooled estimate of error as 
calculated from the split plot analysis. Only the table 
for weight of eggs (W) is shown since the results for E were 
very similar. 
Table 5.3 shows that the F ratio for deviations from the 
model was significant at the 5% level, the model thus failing 
the goodness of fit test. Recall that the original model 
2 
of Chapter IV had T and T in the equation as well as the 
seven feed variables listed in Table 5.3. However, Table 5.3 
shows that a significant time effect still remained after the 
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Table 5.3. AOV for testing goodness of fit of model 4.40 
Source of variation df ms F ratio 
Regression model 
C 
S 
S 
es 
CT 
ST 
Time effects 9 
T 
t2 
Remainder 
Deviations from model 23 
Total (corrected) 39 
Error (pooled) 200 
1 
1 
1 
1 
1 
1 
1 
1 
1 
7 
.18588 
.55812 
.45438 
.00564 
.00480 
.02898 
.21312 
.03630 
.05970 
.15858 
.02370 
.05070 
.01536 
.009175 
20.259** 
60.831** 
49.524** 
0.615 
0.523 
3.159 
23.228** 
3.956 
6.507** 
17.284** 
2.583 
5.526** 
1.674* 
* * 
Denotes significance at the 1% level. 
* 
Denotes significance at the 5% level. 
2 T and T terms were removed. Also, it appears that in the 
transformed variables the quadratic terms in C and S con-
2 tributed little to the model and the T term was only 
slightly better. 
2 In an effort to improve the model, T was replaced by 
the grafted time trend variable Z as explained in Chapter III. 
Also, two new feed variables CZ and SZ were introduced since 
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the CT term was so large in Table 5.3. The results of these 
modifications are seen in Table 5.4. The deviations mean 
square decreased so that the model passed the goodness of fit 
test at the 5% significance level. The individual breakdown 
of the variables shows that the Z term contributed signifi­
cantly to the regression as did the CZ interaction. In spite 
of this/ Table 5.5 shows that the coefficients behaved rather 
Table 5.4. AOV for testing goodness of fit of modified model 
4.40 
Source of variation df ms F ratio 
Regression model 9 .16206 17.663** 
C 1 .55815 60.834** 
S 1 .45439 49.525** 
1 .00564 0.615 
1 .00478 0.521 
CS 1 .02897 3.158 
CT 1 .21310 23.226** 
ST 1 .03629 3.956 
CZ 1 .12276 13-380** 
S z 1 .03443 3.752 
Time effects 9 .04833 5.268** 
T 1 .03670 4,000 
Z 1 .16319 17.786** 
Remainder 7 .03358 3.660 
Deviations from model 21 .01421 1.548 
Total (corrected) 39 
Error (pooled) 200 .009175 
* * 
Denotes significance at the 1% level. 
Table 5.5. Regression results for weight of eggs, transformed 
and untransformed data& 
Model Constant C S T C2 
Equation 
4.40 
-1.093 
0.409 
0.921 
1.01 
0.703 
0.74 
0.131 
1.95 
-0.077 
0.98 
Untrans formed -3.595 1.755 1.565 0.342 -0.143 
means 
0.58 0.83 0.75 3.01 0.79 
Transformed 3.262 -3.755 -2.478 -0.112 0.311 
means 
2.47 2.11 1.36 1.66 2.07 
^The t value is shown below each estimated coefficient. 
10 8 
es CT ST 
•0.255 -0.004 0.132 -0.015 -0.026 .7505 
2.41 3.11 0.82 1.22 2.06 
0.266 -0.008 -0.048 -0.048 -0.054 .9532 
1.41 4.42 0.14 2.35 2.76 
-0.044 0.003 0.649 0.047 0.007 .8287 
0.14 1.00 1.94 1.99 0.19 
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oddly for the transformed variables when compared with those 
obtained by running the same regression on the untransformed 
data. The first line of the table shows the original 
equation (4.40) as estimated from the full 240 observations. 
The second line shows the same equation estimated from the 
40 untransformed means. The last line shows the results 
when the same regression was run on the 40 transformed means. 
The poor correspondence between the equation estimated from 
the transformed data and the other two equations suggests 
that a problem of near singularity in the X matrix may exist. 
Hence, an attempt was made to find a function which would 
require estimation of fewer feed variables and still ade­
quately describe the production process. 
Alternative Models of 
Egg Production 
A number of models were tried which attempted to esti­
mate fewer feed variables since it was felt that with only 
four rations this could have been the source of the near 
singular matrix. Three of the more interesting of these 
models will be discussed since they are interrelated and 
help trace the steps by which we arrive at the final selection. 
To conserve degrees of freedom these models were fitted 
without an intercept since previous regressions indicated 
that an intercept v;as not essential. Table 5.6 lists the 
coefficients for each of the three models as estimated from 
Table 5.6. Three alternative equations for estimating egg 
production (number of eggs = E) 
(b^C+ (b^C+ 
P ; b,S) b,S)2 
C S C S cs 
bi b^ b^ b^ bg b^ 
5.5(a)1 6.979 6.213 -.669 -1.184 
7.466 2.997 5.172 1.712 
5.5(b)2 6.309 9.190 -.598 -2.443 
5.621 2.309 4.611 1.656 
5.6(a) 1.042 -.014 .794 
16.865 10.201 5.802 
5.6(b) 1.021 -.013 .638 
18.280 8.736 2.283 
5.7(a) .497 -.015 .756 
14,919 7,777 1. 338 
5.7(b) .494 -.009 . 760 
9.324 2.566 .732 
^The (a) series represents equations estimated from the 
original (untrans formed) data. 
2 
The (b) series represents equations estimated from the 
transformed data (p=0.75). 
Ill 
SD 
CT ST CZ SZ CT ST of 
^8 ^9 ^10 ^11 ^12 ^13 
-.064 -.159 -.019 -.047 .3507 
2.739 2.126 .800 .616 
-.053 -.209 -.020 -.050 .3814 
1.359 1.441 .668 .448 
-.067 -.170 -.022 -.057 .3549 
3.696 2.862 1.168 .890 
-.071 -.146 -.036 -.005 ,3782 
2.230 1.245 1.597 .061 
.181 .136 .3623 
8.336 1.628 
.118 .339 .3689 
2.777 2.208 
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(a) the means of the original untransformed data and (b) 
the transformed data means. Table 5.6 deals with number 
of eggs (E), whereas Table 5.7 presents the corresponding 
estimates for weight of eggs (W). The t value is given in 
parentheses underneath each coefficient and the standard 
deviation of the fit is also shown for each equation. 
The first equation involves the linear and quadratic 
terms in C and S and the interaction of these with the time 
trend variables, T and Z. This equation was estimated from 
the means of the untransformed data. The next equation has 
exactly the same functional form but was estimated using the 
means of the transformed data with p=0.75. The correspondence 
between the transformed and untransformed estimates is ob­
vious though there was a slightly higher SD of fit for the 
transformed data. 
The second pair of equations used the coefficients of 
C and S from the first equation to form a new variable 
(b^C + bgS) and its cquars. This procedure Imposes a 
restriction on how the C and S terms are estimated since a 
proportionality is assumed from the first equation. Care 
was taken that this new composite variable and its square 
were correctly transformed. An interaction term CS was 
also included in this regression in addition to the inter-
action implied by the cross-products of the (b^C + bgS) term. 
The results of using this set of variables is shown in 
Table 5.7. Three alternative equations for estimating egg 
production (pounds of eggs = W) 
c S C2 S2 
{h.C+ 
b%S) 
(b,C+ 
bis) 2 
CS 
^2 ^3 ^4 ^5 ^6 
5 .8(a)l .779 
5.671 
1.188 
3. 899 
-.075 
3.947 
-.282 
2.774 
5 .8(b)2 .779 
4.766 
1.330 
2.293 
-.076 
4.016 
-.367 
1.708 
5 .9 (a) 1.066 
15.386 
-.128 
8.899 
.164 
6.042 
5 .9(b) 1.047 
16.376 
-.117 
6.846 
.128 
2.276 
5 .10(a) .520 
12.669 
-.148 
7.451 
.274 
2.847 
5 .10(b) .515 
8.5 80 
-.107 
2. 324 
.077 
. 356 
^The (a) series represents equations estimated from the 
original (untransformed) data. 
2 
The (b) series represents equations estimated from the 
transformed data (p=0.75). 
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SD 
CT ST CZ SZ CT ST of 
bg bg b^Q ^11 ^12 ^13 fit 
-.003 -.026 -.004 -.016 .0515 
.875 2.337 1.146 1.450 
-.004 -.026 -.006 -.009 .0556 
.700 1.227 1.415 .597 
— , 003 — .  029 —  .004 -.019 
1. 243 3. 351 1 .576 2.060 
005 024 -.007 — .008 
1. 026 1. 436 2 .131 .692 
.0528 
.0547 
.168 .077 .0524 
7.360 .798 
.134 .230 .0538 
2.742 1.270 
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Table 5.6 as 5.6(a) for the original data and 5-6(b) for 
the transformed data. This results in an acceptable function 
since the signs are appropriate and the t values indicate 
that the coefficients are fairly reliable. To test if the 
proportionality restriction was too severe the C and S 
linear terms in this model were also estimated separately. 
This resulted in a slightly better fit but indicated that 
2 the terms (b^C + bgS), (b^C + bgS) and CS gave a suitable 
specification of the feed variables. 
The third pair of equations in Table 5.6 were estimated 
exactly like the second set except that CT and CZ were re­
placed by CTg, while ST and SZ were replaced by Sfg. T^ 
represents the estimated time trend for egg production (E) 
over the laying season as described by the grafted polynomial 
function in Chapter III. This last functional form is 
really no different from the previous one except that it 
tidies up the time x feed interactions. This latter feature 
apart, the function did not perform quite so well as Equations 
5.6 in terms of t values of the coefficients or overall fit. 
Therefore, the functions represented by Equation 5.6b for 
number of eggs (E) and by Equation 5.9b for weight of eggs 
(W) were selected as appropriate estimates of the egg produc­
tion function given that we had only four rations. 
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Derived equations 
Isoquant and marginal rate of substitution equations 
are derived from 5.6b and 5.9b in the same way as was done 
for the original quadratic equations 4.39 and 4.40. 
C = 7.919 - 0.837 S + (-1.767)[20.088 + 5.681 S 
- 1.011 - 1.132 E]°'5 (5.11) 
_ 8.772 - 0.218 S - 0.474 C n 
3C/3S - 4 482 - 0.566 C - 0.474 S 
C = 9.417 - 0.833 S + (-20.833)[0.204 + 0.115 S 
- 0.027 - 0-096 W]°'5 (5.13) 
3C/3S - 1-570 - 0.592 S - 0.040 C , 
0.452 - 0.048 C - 0.040 S ^ ' 
Equation 5.11 shows the isoquant equation while 5.12 gives 
the marginal rate of substitution equation derived from 
5.6b for the fourth period (T=4). Equations 5.13 and 5,14 
show the corresponding derivatives of Equation 5.9b also 
for the fourth period. Based on these derivatives, Tables 
5.8 and 5.9 show feed combinations and marginal rates of 
substitution for several levels of egg output. Table 5.8 
is comparable with Table 4-8 of Chapter IV while Table 5.9 
compares with Table 4.9. 
Production surfaces derived from Equations 5.6b and 5.9b 
can also be compared with those of Chapter IV. Figure 5-1 
represents the surface for number of eggs per 28 hen-days (E) 
and is comparable with that of Figure 4.3. Figure 5.2 
Table 5.8. Feed combinations and marginal rates of substitution derived from 
quadratic Equation 5.6b (T=4) 
Level oF Pounds of~corn required to Marginal rates of substitution 
soybean maintain egg output per (9C/9S) along egg 
meal hen per 2 8 days of isoquant of 
(lbs per 2 8 14 16 18 20 22 24 14 16 18 20 22 24 
hen-days) eggs eggs eggs eggs eggs eggs eggs eggs eggs eggs eggs eggs 
0.4 3.13* 4 .01 5.20 2.55 2.97 4.03 
0.5 2.88* 3.73 4 . 82 7.17 2.42 2.77 3.56 22.68 
0.6 3.45* 4.48 6.18 2.60 3.21 6.46 
0.7 3.21* 4.18 5.63 2.45 2.95 4.75 
0.8 2.97* 3. 89 5.20 2.32 2.73 3.93 
0.9 2.74* 3.63 4.83 2.20 2.54 3.42 
1.0 3.38* 4.51 2. 38 3.06 
1.1 3.15* 4.22 6.19 2.24 2. 78 7.51 
1.2 2.94* 3.95 5.61 2.11 2.55 4.73 
1.3 3.71 5.19 2.36 3.74 
1.4 3.48* 4.85 2.20 3.18 
1.5 3.27* 4.55 2.05 2.79 
1.6 3.07* 4.29 1.92 2.50 
1.7 2.88* 4.05 1.81 2.27 
0
0
 r—
J 
3.83 2.07 
1.9 3.63 5.88 1.90 7.26 
2.0 3.45* 5.38 1.75 3.80 
^Outside of range of observations in experiment. 
Table 5.9. Feed combinations and marginal rates of substitution derived from 
quadratic Equation 5.9b (T=4) 
Level of Pounds of corn required to Marginal rates of substitution 
soybean maintain (sgg output per (3C/8S) along egg 
meal hen per 2 8 days of isoquant of 
(lbs per 28 
hen-days) 
2 .00 
lbs. 
2.25 
lbs. 
2.50 
113 s . 
2.75 
lbs. 
3.00 
lbs. 
3.25 
lbs. 
2.00 
lbs. 
2.25 
lbs. 
2.50 
lbs. 
2.75 
lbs. 
3.00 
lbs. 
3.25 
lbs. 
0.4 4.26 5.50 7.51 5.02 6.46 13.71 
0.5 3. 78 4.90 6.47 4.48 5.48 8. 36 
0.6 3. 36^ 4.39 5.74 4.05 4.78 6.46 
0.7 2.9 7^ 3.94 5.15 7.06 3.68 4.25 5.37 10.25 
0.8 3.53 4. 65 6.22 3.81 4.63 6.99 
0.9 3.17* 4. 22 5.60 3.45 4.07 5.53 
1.0 2.84^ 3.83 5.10 7.27 3.14 3.62 4.63 10. 87 
1.1 3.49^ 4.67 6.44 3.26 3.98 6.67 
1.2 3.18^ 4.30 5.86 2.92 3.48 5.09 
1.3 3.9 7 5.40 3.06 4.15 
1.4 3.68 5.02 2.71 3.48 
1.5 3.43* 4.70 6.89 2.40 2.97 6.64 
1.6 3.20^ 4.42 6.36 2.11 2.54 4.45 
1.7 4.19 5.97 2.17 3.34 
1.8 3.99 5.68 ( 1.83 2.58 
1.9 3. 83 5.46 1.52 1.99 
2.0 3.69 5.29 1.22 1.48 
^Outside of range of observations in experiment. 
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Figure 5.2. Egg production surface from Equation 5,9b, T=4 
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representing pounds of eggs (W) compares with Figure 4.4. 
Other comparisons will be made in Chapter VI between this 
new function estimated from the means of the transformed 
data and the original quadratic function estimated by Equa­
tions 4.39 and 4.40. Even aside from statistical problems 
of estimation it will be shown that the new functions, 
particularly Equation 5.9b have certain advantages. 
Estimation of Covariance 
Matrix and Tests 
The pooled errors used so far in this chapter to test 
for significance levels were taken from the split plot 
analysis of Tables 5.1 and 5.2. These errors refer to the 
dependent or Y variable only and may be written as 
4 10 6 _ 
E E E (Y, - y. 
V = (5) (5.15) 
where 
Y^.^ represents egg production per bird for the t 
period of lot j receiving ration i, 
Y^ ^ is the mean production per bird for the t period 
of all the lots receiving ration i. j.. # L« 
However, completely analogous calculations can be made 
for each of the X variables in Equations 5.6b and 5.9b since 
feed intake was random. In each case the variables were 
computed from the original feed measurements, transformed 
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using p=0.75 and then the deviations from the 40 time-
ration means computed. The sums of squares and products of 
the dependent variable and the 7 independent variables 
divided by 200 gives the covariance matrix presented in 
Table 5.10. A similar error structure was computed for W 
and is shown in Table 5.11. 
If there were no errors we might write the production 
function as 
E = + 62*2 •*' G3CS + B^CT + 2gST + 3gCZ + g^SZ 
(5.16) 
However, each of these variables is measured with error which 
we denote by writing 
Xi = E + Ui 
^2 ^ *1 ^ "2 
Xg = Rg + U3 (5.17) 
Xg = SZ + Ug 
where the random variables, U, have the covariance matrix 
estimated by that of Table 5.10. On substituting these X 
variables into 5.16 we get 
. 6^X2 + 62X3 + 83X, + 6^X5 + BjXg + SjX, + 6^X3 + e 
(5.18) 
Table 5.10. Estimated error covariance matrix for 
Variable E R1 R2 CS CT ST CZ SZ 
Number of eggs (E) 9.054 
(b^C + bgS) (Rl) 11.551 16.646 
(b^C + bgS)^ (R2) 358.022 563.512 21668.160 
CS 1.807 2.844 109.896 0.567 
CT -6.82? -7.915 -223.387 -1.113 11.148 
ST -1.736 -1.996 -57.583 -0.301 2.698 0.747 
CZ 25.121 32.161 801.278 3.998 -13.480 -3.238 105.055 
SZ 6.289 8.112 206.569 1.079 -3.239 -0.889 25.306 6.955 
^Since the matrix is symmetric only the lower triangular portion is tabulated. 
Table 5.11. Estimated error covariance matrix for 
Variable W Rl R2 CS CT ST CZ SZ 
Weight of eggs (W) 0.117!) 
(b^C + b^S) (Rl) 0 .201:2 0. 3980 
(b^C + b2S)2 (R2) 0.9815 2.0789 12. 3256 
CS 0.2 0 80 0.4383 2. 6060 0 .5670 
CT -0.7862 -1.2261 -5. 3504 -1 .1126 11. 1482 
ST -0.2011 -0.3071 -1. 3599 -0 . 3009 2. 6980 0. 7471 
CZ 2.7081 4 .9820 19. 1880 3 .9979 -13. 4800 -3. 2377 105.0546 
SZ 0.682 7 1.2477 4. 8792 1 .0792 — 3. 2387 -0. 8890 25.3062 6.9546 
^Since the matrix is symmetric only the lower triangular portion is tabulated. 
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where 
G = ^1^2 ~ ^2*^3 ~ G3U4 ~ ^4^5 - GgUg - GgU? - B^Ug . 
Thus, the estimation problem may be viewed as a classic 
"errors-in-variables" problem (34). The error, e, is corre­
lated with the X variables and hence the assumptions of 
least squares regression are violated. The U variables are 
the means over the lots receiving the same treatment and as 
the number of lots per treatment increases the variance of 
U decreases. By analogy to two stage least squares, the 
estimates of Table 5.6 approach the true value in probability 
as the number of lots per treatment increases. 
The variance of e is estimated using the covariance matrix 
of Table 5.10 and the estimated 8's of Equation 5.6 (b) as 
where B is (1 - b^ - bg - b^ - bg - b^ - b^^ - b^^) and 
A is the estimated covariancp matrix of Table 5.10. With 
this method the true error variances were estimated at 
0.59845 for number of eggs (E), and 0.01207 for weight of 
eggs (W). The mean square for deviations after fitting 
model 5.6b to number of eggs per 2 8 hen-days was 0.859. 
The corresponding figure for pounds of eggs was 0.013. Thus, 
when tested against the pooled error from the split plot 
analysis the F ratios, 1.75 and 1.96 respectively, were both 
3 3 
significant at the 1% level (^200 ^^Ol = 1.75). However, when 
tested against the true error variances as estimated above 
the resulting F ratios, 1.436 and 1.488, were not significant 
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33 
at the 5% level (^200 = 1.50). Hence, from a lack of 
fit standpoint the model represented by Equations 5.6b and 
5.9b is judged satisfactory. 
Experimental Design and Egg Production 
Function Research 
Certain implications for experiments designed to estimate 
production functions for eggs arise from the previous dis­
cussion. One of the major statistical problems was caused 
by the random nature of the feed intake variables. Clearly, 
the estimation problem would be simpler if feed consumption 
was fixed by the experimenter. The question then arises 
whether such a feeding arrangement would be acceptable to 
the poultry nutritionist who conducts the feeding trial. 
When nutrition practice calls for feeding all the food the 
birds can eat (ad libitum feeding) fixing the quantity of 
food can only be done by varying the time allowed to clear 
that quantity. The task of the poultryman is greatly in­
creased as is, consequently, the cost of conducting the ex­
periment. Also, it is doubtful if feed intake can be strictly 
fixed under ad libitum feeding without periodically affecting 
the availability of feed and other environmental characteris­
tics . 
However, it may be possible to measure feed consumption 
at "nearly fixed" points. This approach was taken in a 
broiler experiment conducted at Iowa State University in 1969 
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with moderate success (1). With the help of better equipment 
such as electronic measuring devices the human tasks and 
errors involved might be reduced to more acceptable terms. 
Of course, if nutrition practice does not ordinarily involve 
full capacity feeding then the task of fixing the feed in­
puts is greatly reduced. 
To avoid the problem of autocorrelation in the errors 
experiments might be designed where an observation is taken 
on each experimental unit in one time period only (19). Fail­
ure to take repeated observations would vastly increase the 
size and cost of experiments. It might be worthwhile to use 
such experiments on animals with low unit value such as hens 
or broilers but would be prohibitively costly for large animals. 
It would seem that the chief advantages of these experiments 
are statistical. It should be kept in mind, however, that 
such statistical insistence is generally necessary in order 
to obtain unbiased coefficient estimates. Since unbiased 
estimates of production coefficients are necessary lor 
meaningful economic derivations such as marginal rates of 
substitution, these statistical properties of estimators can 
have far reaching consequences. Hence, it seems reasonable 
to tackle the problems involved both by searching for new 
experimental designs and seeking the help of the statistician 
in improving the estimators through statistical techniques 
such as those presented. 
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A few specific comments are warranted on the design of 
Experiment 729. An early problem mentioned in Chapter III 
was the possible confounding of cage floor space per bird 
with the number of birds per cage. To adequately investigate 
the effect of floor space it would seem preferable to use 
partitions in a single long cage in order to select the 
desired floor spacing per bird. To investigate the social 
or other effects of multiple versus single housing care should 
be taken that all other things are equal insofar as possible 
given the resources available and the budget constraint for 
the experiment. 
A second source of difficulty was due to the recording 
of mortality data. This problem arose because of the multiple 
housing and the basic design of 4 cages per experimental unit. 
When a bird died cage floor space per bird and density of 
housing were altered. Later when a second mortality occurred 
in that experimental unit it would be useful to know if the 
two dead birds came from the same cage thus radically altering 
the housing pattern. Another alternative would be to replace 
each bird that died with a new live bird assuming suitable 
replacements were available. Still another alternative would 
be to shut off tlie space vacated by the dead bird if interest 
lay primarily in the effects of space per bird under a uniform 
multiple housing arrangement. 
Finally, it may be noted that the methods proposed for 
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dealing with certain statistical problems call for several 
replications per treatment. Replication is always necessary 
for an estimate of experimental error whether the basic ex­
perimental unit be a single animal or a whole pen of animals. 
In the means approach proposed by Fuller (19) for use in the 
case of ad libitum feeding the least squares estimators ap­
proach the true value as number of replications increase. How­
ever, there is generally a limit to which the size of any 
experiment can be increased so one should also aim at re­
ducing the error mean square. This is not done by increasing 
the number of replications but rather by improving the 
efficiency of the design (e.g. by blocking), by using more 
homogeneous experimental subjects, by refinement of technique 
and by making use of information contained in related 
variables through covariance analysis. 
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CHAPTER VI. ECONOMIC APPLICATIONS 
Introduction 
So far we have estimated some physical response functions 
and described the factor-product and factor-factor relations. 
Were the aim merely to describe the response function the 
research might stop at this point. However, when the objective 
is the normative one of problem solving the researcher ex­
pressly aims at manipulating the production process. He does 
this by controlling the input levels so as to best achieve 
some desired result. The analytical problem then boils down 
to specifying "best-operating conditions" to attain this 
goal (13). Specification of these conditions calls for the 
introduction of some analytical principles from the economic 
theory of production. 
In its simplest form the production problem can be con­
sidered in terms of output gains and input losses, the ob­
jective being to maximize the net gains from the production 
process. Appropriate conversion factors (weights) are needed 
to express the gains and losses in comparable units. These 
weights are not determined within the production process 
itself but must be chosen a priori by the researcher. Very 
often the weights chosen are the market prices of the outputs 
and inputs and the objective is to maximize net financial 
gain or profit. Normally these weights are positive as are 
the output and input levels (Y and X's) themselves. 
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Denoting the net gains or profit by it and the weights 
by Py for Y and for the variable input , the objective 
function to be maximized may be expressed as 
IT = P Y - ZP.X. (P„, P.>0) (6.1) y ^ X 1 y X 
When the P's are market prices. Equation 6.1 says that profit 
is the difference between the value of output and the cost 
of the variable inputs, all quantities being expressed as 
flows per unit of time. Maximizing physical output such as 
yields per acre or eggs per bird will not, in general, 
coincide with maximum profits. Equation 6.1 indicates that 
they will coincide only if ZP^X^ = 0, so that the response 
i 
process involves only gains and no losses. Such would be 
the case if P^ = 0 for all i. Then Equation 6.1 reduces to 
TT = P Y (6.2) 
where P^, the market price, is a constant assuming the 
product is sold in a perfectly competitive market.^ 
In any event, as long as the research aim is normative, 
best operating conditions can always be defined in terms of 
Dillon (13, p. 34) implies that Py must equal 1.0 so 
that II =Y in order that Equation 6.1 represent the objective 
function for maximization of physical output. For maximum 
profit and maximum physical output to correspond, however, 
it is only necessary that ir be proportional to Y, i.e., 
Tr=kY where k is any constant. 
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an objective function such as Equation 6.1. Whether the P's 
be market prices or physical constants, they represent 
measures of relative scarcity chosen to evaluate output gains 
and input losses. Hence, the determination of best operating 
conditions is an economic problem and can be handled by the 
conventional marginal analysis principles of economic theory. 
The Two-Input Production 
Model 
The classical theory of production provides a framework 
for the economic analysis of livestock rations when interest 
primarily lies in only two feed ingredients or nutrients. 
The production model can be represented by a single technical 
unit of production yielding some output in response to 
variable inputs. This technical unit of production can be a 
single animal or group of animals constituting an experimental 
unit. The variable inputs are the levels of the two feed 
ingredients consumed by the technical unit. The output- is 
assumed to be homogeneous, a sufficiently close approximation 
for certain biological response situations including milk and 
egg production. 
The production function gives mathematical expression 
to the relationship between the quantities of variable inputs 
and the quantity of output. In this study the function is 
assumed to be continuous, with continuous first- and second-
order partial derivatives. Also, the production function is 
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defined only for non-negative values of output and the two 
variable inputs, other inputs being fixed at predetermined 
levels for the time period of production. An infinite number 
of combinations of the two variable inputs can produce a 
given level of output. The technical information necessary 
about these input combinations is called the "technology." 
Henderson and Quandt (31) stress that "the production func­
tion differs from the technology in that it presupposes 
technical efficiency and states the maximum output obtainable 
from every possible input combination." The best utilization 
of any particular combination of inputs (e.g., ration paths 
over the input factor space) is a technical problem. An 
interesting question in this respect is whether technical 
efficiency in animal nutrition would ever allow ad libitum 
feeding rates (45). Economic analysis is not concerned with 
such technical questions but rather deals with the problem 
of selecting the best input combination for the production of 
a pdiLiuLilar ouLput level. This selection of input combina­
tions is based on marginal analysis and input and output 
prices. Best operating conditions are then defined in terms 
of these input combinations, inputs and outputs being measured 
as rates of flow per unit of time. By presupposing technical 
efficiency we are assured that the production function is 
single valued. Mathematically, the production function is a 
true "function" not just a "relation" (9). 
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Given the production function and the prices of the 
variable inputs, least cost rations can be calculated for any 
level of output using the classical calculus procedures of 
constrained optimization. The expansion path is defined as 
the locus of points in the feasible factor space that minimize 
cost for a given level of output, (or maximize output for a 
given level of cost outlay). The expansion path therefore 
describes the locus of economically efficient points in the 
input factor space. 
Constrained cost minimization 
With two variable inputs the production function for 
eggs may be represented by 
E = f(C, S) (6.3) 
where Equation 6.3 describes the relationship between total 
number of eggs produced and total quantities of corn and soy­
bean meal consumed per bird per 2 8-day period. It is assumed 
that the inputs are purchased in perfectly competitive markets 
so that the total cost of production is given by the linear 
equation 
T = P_C + P^S + F (6.4) 
where F denotes the fixed cost. If we estimate the production 
function for eggs (Equation 6.3) then, given the prices of the 
inputs P and P , we can derive an expression for the 
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expansion path in terms of the input variables. This ex­
pression is got from the necessary (or first-order) conditions 
to either of the following constrained optimization problems: 
(a) Minimize cost of producing any given level of 
output. 
(b) Maximize output for any given level of cost outlay. 
For example, we can formulate the constrained cost minimiza­
tion problem as 
Minimize V = P^C + P^S + F + X [E^^-f (C/S) ] (6.5) 
where is an undetermined Lagrange multiplier. Setting 
the partial derivatives of Equation 6.5 with respect to C, S 
and \ equal to zero, the necessary first-order condition that 
holds along the expansion path is derived as 
Equation 6.6 states that the marginal rate of substitution of 
soybean meal for corn must equal the price ratio of these 
inputs- Geometrically, the optimum combination of inputs is 
given by the point of tangency between an isocost line and 
the relevant isoquant. The locus of such tangency points in 
the input space is called the expansion path. Second order 
conditions for a constrained minimum require that the relevant 
bordered Hessian determinant be negative, a condition assured 
if the isoquants are convex to the origin (9). 
138 
Profit maximization 
The rational producer will select only input combinations 
that lie along his expansion path. Then, the question arises; 
where along the expansion path should he produce? Usually, 
he is free to vary both the levels of cost and output so that 
his ultimate aim becomes one of profit maximization. Profit 
is the difference between total revenue and total cost. For 
the two-variable-input case the problem may be formulated as 
where profit, T T , is a function of C and S since E is a func­
tion of these variables from Equation 6.3. Setting the partial 
derivatives of Equation 6.7 with respect to C and S equal to 
zero, 
we can then move the input price terms to the right in 
Equations 6.8 and 6.9. Since the 3E/3C and 3E/3S terms 
denote the marginal products of the inputs the first-order 
conditions for profit maximization require that each input 
be used up to the point at which the value of its marginal 
product equals its price. Second-order conditions require 
that the principal minors of the relevant Hessian determinant 
Maximize 7T =  P E  -  ( P C  +  P S  +  F )  
e c s 
( 6 . 7 )  
(6.8) 
8,/8S = . II - = 0 (6.9) 
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alternate in sign, the first principal minor being negative. 
This corresponds to the necessary-and-sufficient condition 
for negative definiteness which denotes a maximum (9). 
The second-order conditions insure that profit is decreasing 
for further applications of either C or S. 
The next section applies these principles to the deter­
mination of economic optima in rations for the production 
functions estimated in Chapters IV and V. We recall that 
equations 4.39 and 4.40 were selected in Chapter IV as best 
representing the production function for eggs based on the 28-
day data. Figure 6.1 is derived from Equation 4.39 and is 
somewhat similar to Figure 4.5. It shows part of the two 
ridgelines and several isoclines tending to converge at the 
point of maximum production per bird. Likewise, Figure 6.2 
shows ridgelines, isoclines and six levels of production per 
bird (pounds of eggs per 28 days) derived from Equation 4.40 
with T = 4. Allowing for the conversion from number of eggs 
to v/eiyhL of eggs ; the two figurcc correspond quite well 
as one might expect. An isocline traces out the locus of 
feed combinations which result in a given substitution rate 
between corn and soybean meal as egg production is taken to 
higher levels. For example, the isocline denoted by 3C/3S = 
2,0 in Figure 6,2 is the locus where 1 pound of soybean meal 
can substitute for 2 pounds of corn at the margin without 
affecting the level of egg output. If 1 pound of soybean meal 
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costs twice as much as a pound of corn then this isocline also 
traces out the least-cost ration for various egg output 
levels. Similar statements apply to the other isoclines in 
these diagrams when the soybean meal to corn price ratio 
equals the substitution ratio. The ridgelines mark the 
boundary where the marginal rate of substitution of soybean 
meal for corn is infinity in the case of the upper line or 
zero in the case of the lower line. Within the area bounded 
by the ridgelines lies the rational area of production 
irrespective of the level of prices, assuming they are greater 
than zero. 
Economic Optima in 
Rations 
Prediction of the egg production function or surface 
allows specification of rations which will maximize returns 
over feed costs. The basic conditions for specifying least-
cost rations and profit-maximizing inputs were outlined in 
the preceding section. These principles are now applied to 
calculate economically optimum rations using Equations 4.39, 
4.40, 5.6b and 5.9b as estimates of the egg production func­
tion. 
Equation 4.46 in Chapter IV represents the marginal rate 
of substitution of soybean meal for corn for the fourth month 
of Experiment 729 using 4.39 as prediction equation. Setting 
Equation 4.46 equal to the soybean meal to corn price ratio 
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gives the necessary condition for calculating least-cost 
input combinations: 
4.5601 - 2.6476 S + 0.5630 C ^s /r 
^s-c = 6.1999 - 1.0564 C + 0.5630 S " P% (G.IO) 
To illustrate this rule let us refer back to Table 4.8 which 
shows feed combinations and marginal rates of substitution 
derived from Equation 4.39 for the fourth month of Experiment 
729. Assume that the soybean meal to corn price ratio is 
1.60. This would be true for example if corn costs $1.12 per 
bushel and soybean meal sells for $64 per ton. (A corn price 
of $1.40 per bushel and a soybean meal price of $80 per 
^s ton also gives g— = 1.60.) Equating this price ratio with 
c 
the marginal rate of substitution of soybean meal for corn 
in Table 4.8, the least-cost ration to produce 20 eggs per 
bird is given as 1.1 pounds of soybean meal and 4.11 pounds 
of corn. This feed combination, together with its 7.8% 
mineral supplement as specified in Table 2.1, has a calcu­
lated crude protein level of 15.6%. Similarly, for least-
cost production of 24 eggs a 17.2% protein ration is indicated, 
consisting of about 5 pounds of corn and 1.7 pounds of soybean 
meal. The above rule holds for all corn and soybean meal 
Pg 
prices which give the ratio — = 1.60. Given other input 
c 
price ratios, least-cost rations may likewise be calculated 
for various levels of egg production in any selected month 
of the laying season. 
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Thus, tables similar to Table 4.8 can be constructed 
for each of the ten 28-day periods using Equation 4.39 as 
prediction equation. Likewise, tables similar to Tables 
4.9, 5.8 and 5.9 can be constructed for each of the periods 
using the alternative estimates of the production function. 
Hence, given the input price ratio, the marginal rates of 
substitution in tables such as 4.8 allows prediction of least-
cost rations for particular egg output levels in any month 
of the experiment. For example, when the price of corn is 
2 cents per pound and soybean meal costs 3 cents per pound, 
P 
the price ratio ^  is 1.50. In Table 4.8, when the marginal 
c 
rate of substitution of soybean meal for corn is 1.5, the 
least-cost feed mix to produce 22 eggs is 4.49 pounds of corn 
and 1.4 pounds of soybean meal. This feed combination has 
a calculated crude protein level of 16.6%. Excluding the 
cost of the mineral supplement, this corn-soybean meal 
ration costs 13.2 cents per 28 hen-days. Other least-cost 
feed combinations can be cd.l<julctLtsu iii sirailar fashion, as 
can the opportunity cost of not feeding the minimum-cost 
rrtion. 
Of course, the least-cost ration is no panacea. In 
particular, we note that the calculation depends only on 
relative prices of the inputs and says nothing about the 
most profitable level of output. Furthermore, the least-cost 
ration may not be optimal if the dynamic aspects of production 
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are taken into account. For example, in liveweight gain 
experiments the time period of production becomes very im­
portant. In such situations a trade-off is usually made 
between least-cost and least-time (maximum daily rate of gain) 
rations.^ Similarly, in egg production the least-cost 
ration in any one period may not be optimal if such a ration 
has an adverse effect on production in later periods. In 
any event, least-cost input combinations only insure that 
we are operating on the correct isocline or expansion path, 
given the existing price ratio. One would like more detailed 
production information however. In particular, we would 
like to specify the optimum level of output and the least-
cost inputs to produce this output given the input and 
output prices. Optimum output is here defined as the most 
profitable level of egg production per bird per 28 days. 
Simultaneous solution of optimum input and output levels 
The partial derivatives with respect to each feed 
ingredient can be computed from Equations 4.39, 4.40, 5.5b 
and 5.9b for any or all of the ten 2 8-day production periods. 
Setting the partial derivative of corn equal to the corn to 
egg price ratio and the partial with respect to soybean meal 
equal to the soybean meal to egg price ratio,- the two 
equations may be solved simultaneously to give the optimum 
^Townsley (45, pp. 25-31) gives a detailed discussion of 
which criterion to use in selecting rations for hog production. 
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quantities of corn, soybean meal and eggs per period for 
various sets of prices. For example, Equation 6.11 shows 
the partial derivative with respect to corn, of Equation 4,40 
with T = 7, equated to the corn to egg price ratio when corn 
is 2.25* per pound ($1.26 per bushel) and eggs are 20.0* 
per pound (about 30* per dozen). Likewise, Equation 6.12 
shows the partial derivative with respect to soybean meal 
set equal to the soybean meal to egg price ratio when soybean 
meal costs 3.5* per pound ($70 per ton). Equations 6.11 
and 6.12 equate the marginal product of the input with the 
input/output price ratio. Hence, they correspond to Equa­
tions 6.8 and 6.9 earlier in this chapter, the similarity 
becoming clear if we multiply across by the price of output. 
3W/3C = 0. 8185 - 0.1530 C + 0.1321 S = fg^* (6.11) 
9W/3S = 0. 5194 - 0.5106 S + 0.1321 C = (6.12) 
Simultaneous solution of these two equations indicates 
that the ration which will maximize profit, defined here as 
gross returns over major feed costs, should include 6.69 
pounds of corn and 2.41 pounds of soybean meal. The calcu­
lated level of protein is 17.6%. This combination is expected 
to produce 3.57 pounds of eggs and leave a return per bird of 
4 8* over the 2 8-day period. These output and input levels 
and return per bird are shown in the middle section of Table 
6.3 under period 7. An increase in the price of soybean meal 
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to 4.5* per pound ($90 per ton), egg and corn prices remain­
ing the same, would indicate 6.58 pounds of corn, 2.28 pounds 
of soybean meal and an output of 3.53 pounds of eggs. The 
calculated protein level is 17.3%, leaving a return per 
bird of 46*. Instead, should the price of corn fall to 
2.0* per pound ($1.12 per bushel), soybean meal remaining at 
3.5* per pound and eggs at 20*, the optimum solution would 
be 6.80 pounds of corn, 2.43 pounds of soybean meal (17.5% 
protein) and 3.59 pounds of eggs, leaving a return per bird 
of 50*. 
Taking the feed prices used in the first example of 
2.25* for corn and 3.5* for soybean meal, an increase in the 
price of eggs to 25* per pound would change the optimum 
solution to 6.96 pounds of corn and 2.54 pounds of soybean 
meal (17.6% protein) for an output of 3.62 pounds of eggs 
and a return per bird of 66*. Should egg prices fall to 
15* per pound the optimum feed combination changes to 6.25 
pounds of corn and 2.IS pounds of aoybticiii (17.3% 
protein) giving 3.47 pounds of eggs and a return per bird of 
only 30*. 
By deriving the marginal equations for other values of 
T and solving pairs of simultaneous equations such as 6.11 
and 6.12, sets of economic optima (similar to those shown in 
Table 6.3) may be calculated for each of the ten 28-day 
production periods- One can use whatever combination of 
Table 6.I0 Optimum feed inputs and egg outputs for four selected 28-day periods as 
estimated by Equation 4.39 for various feed and egg prices 
Feed Number of eggs produced, pounds of corn and soybean meal consumed, % pro-
prices tein and returns per hen per 28 days with egg prices per dozen at 
(* per lb) 24* 36* 48* 
Corn Soy- Eggs Corn Soy- Pro- Pro- Eggs Corn Soy- Pro- Pro- Eggs Corn Soy- Pro- Pro-
bean bean tein fit bean tein fit bean tein fit 
meal meal % * meal % * meal % * 
Period 1 
2 .00 3. 5 30. 7 6 . 67 2. 69 13. 4 39 31. 6 7 .16 3.02 18. 7 70 31. 9 7. 41 3. 18 18. 8 102 
2 .25 3. 5 30. 6 6 . 54 2 . 67 13. 5 37 31. 5 7 .07 3.00 18. 8 68 31. 9 7. 34 3. 17 18. 9 100 
2 .25 4. 0 30. 3 6 .48 2 . 56 13. 2 36 31. 4 7 .03 2.93 18. 6 67 31. 8 7. 31 3. 11 18. 8 98 
2 . 25 4 . 5 30 . 0 6 .43 2 . 45 13. 0 35 31. 3 7 .00 2.86 18. 5 65 31. 8 7. 28 3. 06 18. 7 97 
2 .50 4. 5 29 . 8 6 .29 2. 42 13. 0 33 31. 2 6 .91 2.84 18. 
Period 4 
5 64 31. 7 7. 21 3. 05 18. 7 95 
2 .00 3. 5 27. 3 6 ,19 2. 38 13. 0 34 28. 2 6 .68 2.70 18. 4 62 28. 5 6 . 92 2. 86 18. 6 90 
2 .25 3. 5 27. 1 6 . 0 6 2. 35 13. 1 32 28. 1 6 .59 2.68 18. 4 60 28. 4 6. 85 2. 85 18. 6 88 
2 .25 4. 0 26. 8 6 .00 2 . 24 17. 8 31 27. 9 6 .55 2.61 18. 3 59 28. 3 6. 83 2. 80 18. 5 87 
2 .25 4. 5 26. 5 5 .94 2. 14 17. 6 30 27. 8 6 .51 2.54 18. 1 57 28. 3 6. 80 2. 74 18. 4 85 
2 .50 4 . 5 26. 3 5 . 80 2. 11 17. 6 29 27. 7 6 .42 2.52 18. 
Period 7 
2 56 28. 2 6. 73 2. 73 18. 4 84 
2 .00 3. 5 24. 2 5 .71 2. 06 17. 6 30 25. 0 6 .19 2.38 18. 0 54 25. 3 6. 44 2. 55 18. 2 80 
2 .25 3. 5 24. 0 5 .57 2. 03 17 . 6 28 24. 9 6 .11 2.37 18. 1 53 25. 3 6. 37 2 . 53 18. 3 78 
2 .25 4. 0 23, 7 5 .52 1. 93 17 . 3 27 24. 8 6 .07 2.29 17. 9 52 25. 2 6. 34 2. 48 18. 1 77 
2 .25 4. 5 23. 4 5 .46 1. 82 17. 0 26 24. 7 6 .03 2.22 17. 7 51 25. 2. 6. 31 2. 43 18. 0 75 
2 .50 4 . 5 23. 2 5 . 33 1. 79 17. 1 25 24. 6 5 .94 2.21 17. 
Period 10 
8 49 25. 1 6. 25 2. 41 18. 0 74 
2 .00 3. 5 21. 4 5 .22 1. 74 17. 0 26 22. 3 5 .71 2.07 17. 6 48 22 . 6 5. 96 2. 23 17. 8 71 
2 .25 3. 5 21. 2 5 .09 1. 72 17. 1 25 22. 2 5 .62 2.05 17. 6 47 22. 5 5. 89 2. 22 17. 9 69 
2 .25 4. 0 20. 9 5 .03 1. 61 16. 7 24 22. 1 5 .58 1.98 17. 4 46 22. 5 5. 86 2. 16 17. 7 68 
2 .25 4. 5 20. 6 4 .98 1. 50 16. 3 23 21. 9 5 .55 1.91 17. 2 45 22. 4 Î ) .  83 2. 11 17. 6 67 
2 .50 4. 5 20. 4 4 .84 1. 47 16. 4 22 21. 8 5 .46 1.89 17. 3 43 22 . 3 5. 77 2. 09 17. 6 65 
Table 6.2. Optimum feed inputs and egg outputs for four selected 2 8-day periods as 
estimated by Equation 5.6b for various feed and egg prices 
Feed Number of eggs produced, pounds of corn and soybean meal consumed, % pro-
prices tein and returns per hen per 28 days with egg prices per dozen at 
j4 per lb) 3^ 48* 
Corn Soy- Eggs Corn Soy- Pro- Pro- Eggs Corn Soy- Pro- Pro- Eggs Corn Soy- Pro- Pro-
bean bean tein fit bean tein fit bean tein fit 
meal meal % * meal % * meal % *_ 
Period 1 
2 .00 3. 5 24. 2 3. 80 2 . 57 22 ,6 32 24. 9 4 .25 2.74 22. 2 56 25. 1 4 . 47 2. 83 22. 0 81 
2 .25 3. 5 24. 1 3. 53 2 .63 2 2. .4 31 24. 8 4 .07 2.78 22. 7 55 25. 0 4. 34 2. 85 22. 3 80 
2 .25 4. 0 23, 9 3. 65 2 .49 2 2 . 7 30 24. 7 4 .15 2.69 22. 2 54 25. 0 4. 40 2. 78 22. 0 79 
2 .25 4. 5 23. 8 3. 77 2 .35 21 .9 28 24. 6 4 .23 2.59 21. 7 53 25. 0 4. 46 2. 71 21. 7 78 
2 .50 4. 5 23. 6 3. 50 2 .41 22 . 7 28 24. 6 4 .05 2.63 22. 
Period 4 
2 52 24. 9 4. 32 2. 76 22. 0 76 
2 .00 3. 5 23. 7 4. 2 3 2 .30 20 . 7 31 24. 3 4 .67 2.47 20. 5 55 24. 5 4. 90 2. 55 20. 4 79 
2 .25 3. 5 23. 5 3. 96 2 . 36 21 . 5 30 24. 2 4 .49 2.51 21. 0 54 24. 5 4. 76 2. 58 20. 7 78 
2 .25 4. 0 23. 4 4. 08 2 .22 20 .7 29 24. 2 4 .57 2.41 20. 5 53 24. 4 4. 82 2. 51 20. 4 77 
2 .25 4 . 5 23. 2 4. 19 2 .08 20 . 0 28 24. 1 4 .65 2.32 20. 0 51 24. 4 4. 88 2. 44 20. 0 76 
2 .50 4. 5 23. 0 3. 92 2 .14 2 0 . 8 27 24. 0 4 .47 2.36 20. 
Period 7 
5 50 24. 3 4. 75 2. 47 20. 4 74 
2 .00 3. 5 21. 3 3. 97 2 .15 2 0 . 7 27 21. 9 4 .42 2.32 20. 4 49 22. 2 4. 64 2. 41 20. 3 71 
2 .25 3. 5 21. 1 3. 70 2 .21 2:. .5 26 21. 9 4 .24 2.36 20. 9 48 22. 1 4. 51 2. 44 20. 7 70 
2 .25 4. 0 21. 0 3. 82 2 .07 2 0 . 7 25 21. 8 4 .32 2.27 20. 4 47 22 . 1 4. 57 2. 37 20. 3 69 
2 .25 4. 5 20. 8 3. 94 1 .93 19 .9 24 21. 7 4 .40 2.18 20. 0 46 22. 0 4. 63 2. 30 20. 0 67 
2 .50 4. 5 20. 7 3. 6 7 1 .99 2 0 . 7 23 21. 6 4 .22 2.21 20. 
Period 10 
4 44 22. 0 4. 49 2. 33 20. 3 66 
2 . 00 3. 5 19. 1 3. 72 2 .01 20 . 7 24 19. 7 4 .17 2.18 20. 4 43 19. 9 4. 39 2. 26 20. 3 63 
2 .25 3. 5 18. 9 3. 45 2 .07 21 .6 23 19. 6 3 .99 2.22 20. 9 42 19. 9 4. 25 2. 29 20. 6 62 
2 .25 4. 0 18. 8 3. 57 1 .93 20 .7 22 19. 6 4 .06 2.12 20. 4 41 19. 8 4. 31 2. 22 20. 3 61 
2 .25 4. 5 18. 6 3. 68 1 ,79 19 .8 21 19. 5 4 .14 2.03 19. 9 40 19. 8 4. 37 2. 15 19. 9 60 
2 .50 4. 5 18. 4 3. 41 1 . 84 20 .7 20 19. 4 3 .96 2.07 20. 4 39 19. 7 4. 24 2. 18 20. 3 59 
Table 6.3. Optimum feed inputs and egg outputs for four selected 28-day periods as 
estimated by Equation 4.40 for various feed and egg prices 
Feed Pounds of eggs; produced, pounds of corn and soybean meal consumed, I 
prices protein and returns per hen per 28 days with egg prices per pound at 
(* per lb) " 15* 2^* 25* 
Corn Soy- Eggs Corn Soy-- Piro- Pro- Eggs Corn Soy- Pro- Pro- Eggs Corn Soy- Pro- Pro-
bean bean tein fit bean tein fit bean tein fit 
meal meal % * meal % * meal % * 
Period 1 
2 .00 3. 5 4 . 19 7. 47 2 . 80 17. 8 38 4. 28 7. 88 3.02 18.0 59 4. 33 8. 12 3. 15 18. 1 81 
2 .25 3. 5 4. 16 7. 33 2 . 76 17 , 9 36 4. 27 7. 77 2.99 18.0 57 4. 31 8. 04 3. 13 18. 1 79 
2 .25 4. 0 4. 13 7, 26 2 . 68 17 . 7 35 4. 25 7, 72 2.93 17.9 56 4. 30 7. 99 3. 08 18. 0 77 
2 .25 4 . 5 4 . 10 7. 18 2. 60 17 , 6 34 4 . 23 7. 66 2.87 17.9 54 4. 29 7. 95 3. 03 18. 0 76 
2 .50 4. 5 4. 06 7. 04 2 . 56 17 . 6 32 4. 21 7. 56 2.84 17.8 
Period 4 
53 4. 28 7. 87 3. 01 18. 0 74 
2 .00 3. 5 3. 86 6. 93 2 . 51 17 . 6 35 3. 95 7. 34 2.73 17.8 55 3. 99 7. 58 2. 86 17. 9 75 
2 .25 3. 5 3. 83 6. 79 2 . 47 17. 6 33 3 93 7. 23 2.70 17.8 53 3. 98 7. 50 2. 84 17. 9 73 
2 .25 4. 0 3. 80 6. 72 2. 39 17. 5 32 3. 91 7. 18 2.64 17.7 52 3. 97 7. 45 2. 79 17. 8 71 
2 .25 4. 5 3. 76 6. 6 4 2 . 30 17. 3 31 3. 89 7. 12 2.57 17.6 50 3. 96 7. 41 2. 74 17. 7 70 
2 .50 4. 5 3. 73 6. 50 2. 27 17. 3 29 88 7. 02 2.55 17.6 
Period 7 
48 3. 94 7. 32 2. 71 17. 7 68 
2 . 00 3. 5 3. 49 6. 39 2 . 21 17. 3 32 3. 59 6. 80 2.43 17.5 50 3. 63 7. 04 2. 56 17. 6 68 
2 .25 3. 5 3. 47 6. 25 2 . 18 17. 3 30 3. 57 6. 69 2.41 17.6 48 3. 62 6. 96 2. 54 17. 6 66 
2 .25 4. 0 3. 43 6. 18 2. 09 17. 1 29 3. 55 6. 64 2.34 17.4 47 3. 61 6. 91 2. 49 17. 6 65 
2 .25 4. 5 3. 40 6. 10 2. 01 16. 9 28 3. 53 6. 58 2.28 17.3 46 3, 59 6. 87 2. 44 17. 5 63 
2 .50 4. 5 3. 36 5. 96 1. 97 17. 0 27 3. 51 6. 48 2.25 17.3 
Period 10 
44 3. 58 6. 79 2. 42 17. 5 62 
2 .00 3. 5 3. 10 5. 85 1. 92 16. 9 28 3. 19 6. 26 2.14 17.2 44 3. 24 6. 50 2. 27 17. 3 60 
2 .25 3. 5 3. 0 7 5. 71 1. 88 16. 9 27 3. 18 6. 15 2.11 17.2 42 3. 23 6. 42 2. 25 17. 4 58 
2 .25 4. 0 3. 04 5. 64 1. 80 16. 7 26 3. 16 6. 10 2.05 17.1 41 3. 21 6. 37 2. 20 17. 3 57 
2 .25 4. 5 3. 01 5. 56 1. 71 16 . 5 25 3. 14 6. 04 1.99 16.9 40 3. 20 6. 33 2. 15 17. 1 56 
2 .50 4. 5 2. 9 7 5. 42 1. 68 16. 5 23 3. 12 5. 94 1.96 16.9 39 3. 19 6. 25 2. 13 17. 2 55 
Table 6.4. Optimum feed inputs and egg outputs for four selected 2 8-day periods as 
estimated by Equation 5.9b for various feed and egg prices 
Feed Pounds of eggs, produced, pounds of corn and soybean meal consumed, % 
prices protein and rciturns per hen per 2 8 days with egg prices per pound at 
(f : per lb) 15* 20* 25* 
Corn Soy­ Eggs Corn Soy­ Pro ~ Pro­ Eggs Corn Soy- Pro - Pro­ Eggs Corn Soy­ Pro - Pro­
bean bean tein fit bean tein fit bean tein fit 
meal meal * meal % * meal % * 
Period 1 
2 . 00 3.5 2 . 86 3. 98 1.99 -20. 0 28 . 2 .95 4 .63 2.04 19. 0 43 2. 99 5. 02 2.08 18. 6 57 
2 . 25 3.5 2 . 82 3. 61 2.01 20. 9 27 2 .92 4 .35- 2.06 19 . 6 41 2. 97 4. 80 2.09 18. 9 56 
2 . 25 4.0 2 . 81 3. 66 1.95 20. 6 26 2 .92 4 .39 2.02 19. 4 40 2. 97 4. 83 2.06 18. 8 55 
2 . 25 4.5 2 . 8C 3. 71 1.89 20. 2 25 2 .91 4 .43 1.97 19. 1 39 2. 97 4. 86 2.02 18. 6 54 
2. 50 4.5 2 .75 3. 35 1.92 21. 2 24 2 . 89 4 .15 1.99 19. 
Period 4 
7 38 2. 95 4. 64 2.04 19. 0 53 
2. 00 3.5 3 .20 5. 04 1.92 18. 0 31 3 .29 5 .69 1.97 17. 3 48 3. 33 6. 08 2.01 17. 0 64 
2. 25 3.5 3 . 16 4. 67 1.94 18. 6 30 3 .27 5 .41 1.99 17. 7 46 3. 32 5. 86 2.02 17. 2 63 
2. 25 4.0 3 .15 4. 72 1.88 18. 3 29 3 . 2 6  5 .45 1.95 17. 5 45 3. 31 5. 89 1.98 17. 1 62 
2. 25 4.5 3 . 14 4 . 77 1.82 18. 0 28 3 .25 5 .49 1.90 17. 3 44 3. 31 5. 92 1.95 16. 9 61 
2. 50 4.5 3 .09 4.  41 1.85 18. 7 27 3 .23 5 .21 1.92 17. 
Period 7 
7 43 3. 29 5. 70 1.96 17. 2 59 
2. 00 3.5 2 .94 4. 82 1. 81 17. 8 28 3 .03 5 .47 1.87 17. 2 43 3. 07 5. 86 1.90 16. 8 58 
2. 25 3.5 2 .90 4. 45 1.84 18. 6 27 3 .00 5 .19 1.88 17. 6 42 3. 05 5. 64 1.91 17. 1 57 
2. 25 4.0 2 . 89 4. 50 1.78 18. 2 26 3 .00 5 .23 1.84 17. 4 41 3. 05 5. 67 1.88 17. 0 56 
2 . 25 4.5 2 . 8 8  4. 55 1.72 17. 9 25 2 .99 5 .27 1.80 17. 2 40 3. 05 5. 70 1.84 16. 8 55 
2 . 50 4.5 2 .83 4. 18 1.74 18. 6 24 2 .96 4 .99 1.81 17. 
Period 10 
6 39 3. 03 5. 47 1.86 17. 1 54 
2. 00 3.5 2 .69 4. 59 1.70 17. 7 25 2 .78 5 .24 1.76 17. 1 39 2. 82 5. 63 1.79 16. 7 53 
2. 25 3. 5 2 .64 4. 23 1.73 18.  5 24 2 .75 4 .97 1.78 17. 5 38 2. 80 5. 41 1.81 17. 0 51 
2. 25 4.0 2 .64 4 . 28 1.67 18. 1 23 2 .75 5 .00 1.73 17. 3 37 2. 80 5. 44 1.77 16. 8 51 
2. 25 4.5 2 .63 4. 33 1.61 17. 8 22 2 .74 5 .04 1.69 17. 1 36 2. 79 5. 47 1.74 16. 7 50 
2. 50 4.5 2 .53 3. 96 1.64 18. 6 21 2 .71 4 .77 1.71 17. 5 35 2. 78 5. 25 1, 75 17. 0 48 
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input and output prices he desires; the more extreme the 
prices, the more extreme will be the optimum solutions in 
terms of quantities of corn and soybean meal consumed and 
quantity of eggs produced. A full presentation of optimum 
solutions for each of the ten periods and for a wide range 
of price combinations would be rather space consuming and 
would probably make presentation of essential points more 
difficult. Consequently, a rather limited subset of these 
solutions is shown in Tables 6.1 through 6.4. 
Table 6.1 shows optimum solutions derived from Equation 
4.39 for four representative production periods. Corn prices 
ranging from 2.0 to 2.5 cents per pound and soybean meal 
prices of 3.5, 4.0 and 4.5 cents per pound were used for 
these calculations. Similar sets of solutions derived from 
Equations 4.40, 5.6b and 5.9b are shown in Tables 6.2 through 
6.4. All tables include solutions for three levels of egg 
prices representing low, medium and high farm-gate prices. 
Changes in econoTni r. optima in response to input or output 
price changes are interpreted for all of the 2 8-day production 
periods just as explained above for Table 6.3, period 7. 
Differences and similarities in the economic optima indi­
cated by the four functions 
A comparison of Tables 6.1 and 6.3 with Tables 6.2 and 
6.4 shows some striking differences between the results of 
the original quadratic functions of Chapter IV and the 
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revised functions developed in Chapter V. The optimum feed 
inputs and egg outputs estimated by Equations 4.39 and 4.40 
are clearly high. Table 6.1 shows egg production at about 
27 eggs and corn and soybean meal consumption at about 6.0 
and 2.25 pounds respectively in the fourth period. At peak 
production one normally expects figures of the order of 
magnitude shown in Table 6.2 i.e. hen-day production of 75 
to 80 percent and the sum of the feeds consumed not exceeding 
about 7.0 pounds. A similar contrast exists between the 
economic optima calculated from Equations 4.40 and 5.9b, 
which use pounds of eggs as the measure of output, as seen 
in Tables 6.3 and 6.4. 
Another difference between the estimates of Equations 
4.39 and 4.40 and those of Equations 5.6b and 5.9b is that 
the former equations failed to account for the lower produc­
tion and feed consumption normally expected in the first 
period. Recall from Chapter III that the curves for egg 
production and femd intake both display rising portions 
during the first few weeks of lay. The function represented 
by Equation 5.6b and especially Equation 5.9b reflect this 
early phase rather well as shown in Tables 6.2 and 6.4. 
Other differences relate to the level of protein, the 
implied protein percentages calculated from the economic 
optima being higher for Equations 5.6b and 5.9b than for 
Equations 4.39 and 4.40. Also, the calculated protein 
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percentages tend to rise with increasing output prices in 
Tables 6.1 and 6.3 whereas they tend to fall in Tables 6.2 
and 6.4. In spite of these differences in magnitudes of 
the calculated economic optima Tables 6.1 through 6.4 have 
much in common. Within any one table it is believed that 
the figures are comparable between periods thus allowing an 
overview of economic relationships in egg production through­
out the laying season. 
This overview of Tables 6.1 through 6.4 shows some inter­
esting results. Recall from Chapter III that as the laying 
season progresses egg production and feed intake tend to 
decline whereas average egg weight keeps on increasing. In 
Tables 6.1 through 6.4 note that for any combination of in­
put and output prices the optimum levels of egg output and 
feed input declined from period 4 to period 7 and again 
from period 7 to period 10. Furthermore, the optimum ration 
in terms of percentage protein declined throughout the laying 
season. For example, Ldkiuy Lhe price combination cf 2.Of 
per pound for corn, 3.54 for soybean meal and 364 per dozen 
for eggs, Table 6.1 shows that the optimum ration changed 
from 18.7% protein in period 1 to 18,4% in period 4, 18.0% 
in period 7 and 17.6% in period 10. Tables 6.2 through 6.4 
show a similar drop in optimum protein levels even when 
pounds of eggs is used as the measure of output. This drop 
in the optimum protein percentage throughout the laying 
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season is of great significance in ration formulation since 
it is the protein content that largely determines the price 
of the layer ration. Hence, by using a ration with a lower 
protein content in the later months of the production cycle, 
poultrymen might be able to cut production costs. 
Another feature shown by Tables 6.1 through 6.4 is the 
fall in returns per bird as the laying season progresses. 
This immediately raises the question of when to sell the old 
flock and replace with pullets at point of lay. Returns 
per bird as given in the tables simply represent gross 
receipts less the cost of corn and soybean meal consumed per 
28-day period. A consideration of when to cull the flock, 
would' have to take account of other factors. Foremost among 
these would be bird depreciation which, as seen from Table 
1.1, represents the second largest cost component in egg 
production. The generally accepted economic range in which 
to cull the flock lies between the twelfth and eighteenth 
months of production 40). The data from Experiment 729 
include only the first ten months of production and so do not 
permit a study of replacement policy. Nevertheless, the 
figures from Tables 6.1 through 6.4 show clearly that not 
only do optimal physical input and output quantities decline 
as the laying season progresses but that the returns per bird 
also decline. Therefore, it is likely that an extended 
experiment would provide an interesting study of replacement 
156 
policy in egg production. Perhaps such a study ought also to 
investigate the economics of force molting since the two are 
interdependent to a large extent. 
Implications for Laying 
Hen Nutrition 
Tables such as 6.1 through 6.4 help us evaluate existing 
feeding practices in the poultry industry. Current feeding 
standards are based on average nutrient requirements such as 
those calculated by the National Research Council (38). 
These recommended rations are designed to insure healthy 
birds and satisfactory laying performance under a wide range 
of conditions. In practice, adjustments are often made by 
the farmer or his poultry adviser to allow for differences 
in feed intake, local climatic conditions, methods of housing, 
etc. Other husbandry practices have also become established 
over the years. For example, poultrymen usually feed extra 
protein during stress periods such as caused by a disease 
outbreak or even severe weather. Also, as a sort of 
"insurance" many farmers feed a higher than normal protein 
percentage during the first few months of the laying season. 
The latter is believed to pay off in terms of strong, 
productive birds and early attainment of large egg size.^ 
With these few exceptions most poultry flocks are still fed 
^Balloun, S. L., Department of Poultry Science, Iowa 
State University, Ames, Iowa. Commercial egg production. 
Private communication. 19 70. 
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the same ration throughout the laying season. Also, within 
this general pattern of nutrition there is great variation 
among farms as is evident from the summary of Iowa demon­
stration flock reports presented in Table 1.1. To what extent 
then are the rations now in use economically optimal? If 
not optimal, how might feeding standards be improved to better 
reflect economic efficiency criteria? These are the ques­
tions we wish to examine in the light of the economic optima 
calculations of Tables 6.1 through 6.4. 
It is appreciated that certain problems attach to group 
feeding at ad libitum rates which is the way hens are normally 
fed (15). For example, a laying flock producing at an 
average rate of 60%, as measured by the hen-day production 
index, may include some birds laying at 90% as well as some 
at 30% (7). Feeding standards based on calculated require­
ments for average production are more than adequate for the 
low producers but may not be sufficient for the high producers 
in the same flock. To some extent, ad libitum feeding, which 
grants free access to the feed at all times, might take care 
of these production differentials by allowing the birds to 
adjust their total feed intake. However, intake is itself con­
strained by digestive capacity. Consequently, a low protein 
ration (or ration deficient in any other essential nutrient) 
may not be able to supply the protein intake requirement of 
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a high producing bird.^ 
Another peculiarity of feeding laying hens arises from 
the high proportion of the total feed required for main­
tenance. About three-fourths of the feed goes for body 
maintenance and growth in the case of laying hens compared 
with less than half for good dairy cows (22). Furthermore, 
unlike the dairy cow which uses forage for all or part of her 
maintenance requirement, the laying hen must meet this 
high maintenance demand out of the more expensive concen­
trated feedstuffs. Consequently, given percentage changes 
in the concentrates fed have much more economic impact in 
the case of egg production than they do in milk production. 
These considerations, combined with the apparently practical 
insignificance of diminishing returns to total feed in egg 
production, prompted Hansen and Mighell (22) to conclude: 
It is almost always most profitable to feed 
hens to capacity. Chief opportunities for 
economic adjustment of production arise rather 
through such things as proper culling of 
fiocKS or varying the compoaitioii of the 
ration to take advantage of changing cost 
relationships of the components. 
Economic adjustment of production through total culling of 
the flock has already been discussed. Partial culling can 
Fisher (18, pp. 174-175) defines "protein intake re­
quirement" as the amount of protein consumed daily. It is 
related to the protein requirement (percentage protein) as: 
Protein requirement = Protein int^e^requirement x 100 . 
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also be very effective in reducing overhead costs provided 
an effective means of identifying the non-productive birds 
can be devised. However, given a culling policy, the poultry-
man can still reduce costs by varying the composition of the 
ration. 
Tables 6.1 through 6.4 showed how it might be feasible 
to reduce the protein percentage of the ration as the laying 
season progressed. This idea of varying the protein with 
the stage of lay is not new. It is precisely the reasoning 
behind phase feeding as proposed by Quisenberry (42) , Nesheim 
(39) and others. Phase feeding involves feeding the birds 
a tailored ration depending on the phase or stage of produc­
tion. It gained great popularity in the 1950's but has since 
been rejected by some research workers. For example. Harms 
(24) on the basis of amino acid tests doubts its commercial 
importance while Fisher (18) from experiments conducted at 
the University of Reading, England, concludes that 
protein requirements do not decrease as the laying 
year progresses in a way that a consideration of 
output would suggest and thus reductions in protein 
level are not justified on present evidence. 
In spite of this controversy over its commercial importance, 
in modified form the concept of reducing the protein per­
centage with the stage of production enjoys at least academic 
support and has reportedly been used with success commercially 
(10, 39). In any event the economic optima presented in Tables 
6.1 through 6.4 support the thesis that the protein level can 
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be reduced as the laying season progresses. Use of economical­
ly efficient rations therefore seem to require some form of 
phase or stage of lay feeding. Whether the economic gains 
from such a feeding program would be sufficiently large to 
justify the added expense of switching rations is still to 
be decided. If we accept the ration changes in Table 6.1 as 
being a true reflection of how optimum layer rations ought to 
change over the production cycle, we can estimate the po­
tential saving of using a 17.4% protein ration in the tenth 
period as opposed to using an 18.6% ration, (calculated as 
optimum for the first period). With corn at 2.25* per pound 
and soybean meal at 44= per pound the calculated optimum 
ration in period 10 costs 20.5* per bird for the 28-day 
period. If the 18.6% protein ration were used, ceteris 
paribus, the cost would be 20.9* on the basis of the above 
prices. Perhaps this margin is too thin to justify switch­
ing rations and is the chief cause of the controversy about 
the commercial importance of phase feeding. However, when 
one thinks in terms of a flock of 10,000 to 100,000 birds a 
ration switch two or three times during the production cycle 
may well be justified. 
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Relationship of the Production Function 
to Programming Models 
This study has used the classical marginal analysis of 
microeconomic theory to specify economically optimal levels 
of feed inputs and egg outputs for laying hens. In Chapter I 
we mentioned briefly the linear programming approach to least-
cost ration formulation. For several years the production 
function and programming approaches to ration analysis were 
somehow looked upon as polar extremes having little in common. 
Recently, some attempts have been made to bridge the gap by 
incorporating animal response by means of the production 
function into programming formulations of livestock rations. 
In 1960, Brown and Arscott (6) criticized the use of 
"recommended" levels of protein, energy, minerals etc. in 
linear programming formulations of least-cost rations. They 
pointed out that setting the levels of the specifications 
to be met by the ration is an integral part of the economic 
problem. Using a proauction function based on metabolizable 
energy and protein Brown and Arscott were able to introduce 
animal response into the programming model to determine 
optimum rations and production periods for broilers. 
Dent (12) later developed a model for estimating 
optimal rations for bacon pigs fed ad libitum.^ Animal 
^Townsley (45) gives a good critical presentation of both 
the Brown and Arscott and Dent models. He also shows how the 
latter model can be adapted to use quadratic programming when 
the production function is a quadratic polynomial. 
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response was introduced via an average daily liveweight gain 
function based on energy and protein. Fisher (18) has ap­
plied Dent's technique to programming daily rations for lay­
ing hens and points to its potential in determining optimum 
levels not only of protein, but also of individual amino 
acids. However, he emphasizes that a prerequisite for such 
analysis is an adequate estimate of the relevant production 
function. Thus, far from being polar opposites, the produc­
tion function and programming approaches are now being seen 
as complementing each other in an expanded model of live­
stock ration formulation. It is hoped that this dissertation 
has contributed, if not directly, at least indirectly towards 
this end. 
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CHAPTER VII. SUMMARY AND CONCLUSIONS 
Summary of Dissertation 
The main thrust of this study is concerned with the 
application of microeconomic theory to the problem of deriving 
economically optimum rations for laying hens under ad libitum 
feeding conditions. En route we encounter such obviously 
related topics as basic biological relationships, experi­
mental designs for animal experiments and statistical problems 
of estimation arising from the structure of these experiments. 
A lesser objective of the study, prompted by the nature of 
the experiment from which the data is drawn, is to investi­
gate some aspects of poultry housing from an economic stand­
point. 
Chapter I asks why the analysis of rations for laying 
hens has been virtually ignored by agricultural economists 
while rations for dairy cows, which similarly produce a flow 
product, have been studi extensively. Certainly the poultry 
industry is important commercially and technologically one 
of the most advanced. That there exists a need for greater 
attention to ration formulation can hardly be disputed as 
is evidenced by the Iowa demonstration flock reports. It is 
therefore hypothesized that this delay in placing layer 
ration formulation on an economic basis may have been due to 
the relatively late commercialization of the poultry industry 
itself and the preoccupation of poultry nutritionists with 
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dietary imbalance and nutrient deficiency studies. 
Chapter II gives a brief review of some biological 
literature on egg production, describes the design and manage­
ment of Experiment 729 which is our data source, and presents 
the overall results for the 280-day experimental period. 
Special thought is given to the handling of mortality in 
such experiments and the livability index approach of Harms 
(2 5) is adopted. Analyses of variance and two-way tables of 
treatment means with Duncan's test for all possible compari­
sons are used to present the overall results. These results 
are then compared with results from previous experiments at 
Iowa State University and elsewhere. 
In Chapter III the time path of egg production during 
the laying season is considered. Egg production, average egg 
weight and feed intake per bird all show characteristic 
patterns over time. It is shown that the time trends 
peculiar to egg production and feed consumption can be suit­
ably approximated by a gratted polynomial function while a 
simple quadratic gives a satisfactory fit for average egg 
weight.^ Stepwise regression analysis is used to probe for 
initial basic relationships in the data. With time, per­
centage protein and housing density as independent variables 
•'"More typically average egg weight might be expected to 
approach an asymptotic maximum. In this case a quadratic func 
tion might not give a good fit and a grafted polynomial with a 
horizontal linear segment at the top might be more appropriate 
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it was found that housing density at the levels studied had 
little effect on production and no measurable influence on 
average egg weight or feed consumption. This finding was 
supported by other regressions on the 28-day data as well as 
by the AOV tables of Appendix A for the overall results. 
It was therefore decided to pool the data over housing levels 
and estimate production functions based on ration ingredients 
from the resulting 240 observations in four ration treatments. 
Chapter IV deals with the estimation of production func­
tions for eggs. It utilizes the parallel between milk and 
eggs suggested by Brody (4) and closely follows the study on 
milk functions by Heady et al. (30). Both overall functions 
for the 280-day experimental period and functions with time 
as a variable based on the 28-day data are estimated. Interest 
primarily lies with the latter type functions since they allow 
one to study the time path of production and estimate input-
output relationships on a periodic basis. Final selection 
of a suitable tunctionai form is based on biological, sbatly-
tical and economic considerations. Production surfaces, iso-
quants, isoclines and marginal rates of substitution are 
calculated for selected functions. To obtain a suitable 
prediction equation for the overall period it was found 
necessary to drop the interaction term from the quadratic and 
square root functions. For the 28-day data a quadratic func­
tion incorporating time (Equations 4.39 and 4.40) was selected 
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for predicting egg production over the laying season. 
Appendix C presents some mathematical derivations to show 
how the same computer program can be used to generate iso-
quants for both the quadratic and square root functions. 
Chapter V deals with certain statistical problems 
associated with the estimation of production functions from 
animal nutrition experiments. The analysis, which is based 
on relatively recent work by Fuller (19), recognizes the 
presence of correlated errors arising from repeated observa­
tions on the same experimental unit, the possibility of a 
random error associated with time, and the random nature of 
feed intake resulting from ad libitum feeding. Fuller's 
model for the error structure is used and the data is trans­
formed to give approximately independent residuals with 
homogeneous variances. Models 4.39 and 4.40 are so trans­
formed and tested for goodness of fit. On this criterion they 
are regarded as acceptable. However, following some experi­
menting with other functional forms a new model is proposed 
which requires the estimation of fewer parameters and fits 
the data quite well. This model makes use of the estimated 
time trend from the grafted polynomial discussed in Chapter 
III. Chapter V then suggests some areas for future research. 
In particular, it stresses careful planning of the objectives 
and selection of appropriate designs for poultry feeding 
experiments for production function estimation. 
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Economic analysis of the selected functions is the sub­
ject of Chapter VI. The problem is one of specifying best 
operating conditions in terms of feed inputs and egg out­
puts for the egg producing farm firm. First the two-input 
model of classical production theory is briefly reviewed both 
for the case of constrained optimization and profit maximiza­
tion. Least-cost rations are calculated for the functions 
selected in Chapter IV and the limitations of such rations 
are discussed. Then, through simultaneous solution of pairs 
of equations, economically optimum feed inputs and egg out­
put combinations are calculated for various sets of input 
and output prices. A limited illustrative subset of these 
calculations is shown in Tables 6.1 through 6.4. Major 
implications of these optimizations are seen for layer 
nutrition and culling policy vis a vis existing practices. 
Finally, some programming models are discussed as a possible 
framework for the economic analysis of rations for laying hens. 
Chapter VII provides a summary of the study and concludes 
that, by and large, its objectives have been fulfilled. 
Conclusions 
The results of this research indicate that the produc­
tion function approach is a useful one for the economic 
analysis of layer rations. Even with rather limited data 
some useful insight into the production process and the 
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effects of marginal adjustments can be obtained. The impor­
tance of the role played by the animal scientist and the 
statistician as well as the economist is well illustrated 
by the biological and estimational problems involved and 
further underlines the merits of the interdisciplinary 
approach to such research. 
While the specific results of this study are not expected 
to solve the problems of any particular poultry farmer their 
relevance to modern egg production technology is clear. It 
is believed that these results .will also give some stimula­
tion and guidance to future research in this and related 
areas. Since ad libitum feeding is likely to continue it 
is suggested that future research on egg production functions 
might further investigate functions such as 5.6b and 5.9b and 
use the statistical tools available, including those developed 
by Fuller, to improve the methods of estimation. Also, since 
the parallel between the flow products, milk and eggs, appears 
quite srrong, it la likely that the direction of inference 
from milk to eggs used heretofore in production research ought 
to be reversed. It seems more logical to carry out preliminary 
investigations with the less expensive subjects, namely hens 
as with broilers in meat production. If this study stimu­
lates future research along some of the lines indicated it 
will have fulfilled its objectives completely. 
169 
LITERATURE CITED 
1. Askalani, Mohamed H. Economic analysis and alternative 
procedures for estimating broiler production functions. 
Unpublished Ph.D. thesis. Ames, Iowa, Library, Iowa 
State University of Science and Technology. 19 70. 
2. Balloun, S. L. and G. M. Speers. Protein requirements 
of laying hens as affected by strain. Poultry Science 
48: 1175-1188. 1969. 
3. Bray, D. J. The methionine requirement of young laying 
pullets. Poultry Science 44; 1173-1180. 1965. 
4. Brody, Samuel. Bioenergetics and growth. New York, 
N.Y., Hafner Publishing Co., Inc. 1945. 
5. Brookhouse, J. K. and E. M. Low. Dynamic programming 
and the selection of replacement policies in commercial 
egg production. British J. of Agricultural Economics 
18; 339-350. 1967. 
6. Brown, W. G. and G. H. Arscott. Animal production func­
tions and optimum ration specifications. Amer. J. of 
Agricultural Economics 42; 69-78. 1960. 
7. Caskey, C. D. Feeding layers for maximum profits. 
Feedstuffs 40, No. 11: 34-35. 1968. 
8. Champion, L. R. and H. C. Zindel. Performance of layers 
in single and multiple bird cages. Poultry Science 47; 
1130-1135. 1968. 
9. Chiang. Alpha C. Fundamental methods of mathematical 
economics. New York, N.Y., McGraw-Hill Book Co., 
Inc. cl967. 
10. Coligado, E. C. and J. H. Quisenberry. Effects of 
protein level, source and change of level during the 
laying period on performance in incross egg production 
stock. Poultry Science 40: 1388. 1961. 
11. Conway, Andrew G. An operational model of the relation­
ship between liveweight gain and stocking rate for 
grazing cattle, with an estimated production function 
for steers, under Irish conditions. Unpublished Ph.D. 
thesis. Ames, Iowa, Library, Iowa State University of 
Science and Technology. 19 70. 
170 
12. Dent, J. B. Optimal rations for livestock with special 
reference to bacon pigs. British J. of Agricultural 
Economics 16: 68-87. 1964. 
13. Dillon, J. L. The analysis of response in crop and 
livestock production. New York, N.Y., Pergamon Press, 
Inc. 1968. 
14. Draper, N. R. and H. Smith. Applied regression analysis. 
New York, N.Y., John Wiley and Sons, Inc. cl966. 
15. Duloy, J. H. and G. E. Battese. Time and recursiveness 
in livestock feeding trials. Australian J. of Agri­
cultural Economics 11: 184-191. 1967. 
16. Duncan, D. B. Multiple range and multiple F tests. 
Biometrics 11: 1-42. 1955. 
17. Eggleton, L. Z. Iowa egg prices and trends, 1969. Iowa 
State University of Science and Technology Cooperative 
Extension Service PS-57. 19 70. 
18. Fisher, C. Factors affecting protein requirements of 
layers. In Morton, R. A. and Amoroso, E. C., eds. 
Protein utilization by poultry. Pp. 174-191. Edinburgh, 
Oliver and Boyd Ltd. 1967. 
19. Fuller, W. A. On the estimation of production surfaces 
from animal experiments. Mimeographed paper. Ames, 
Iowa, Iowa State University of Science and Technology, 
Department of Statistics, ca. 1968. 
20. Fuller, W. A. Grafted polynomials as approximating 
functions. Australian J. of Agricultural Economics 
13: 35-46. 1969. 
21. Hansen, P. L. Input-output relationships in egg 
production. Amer. J. of Agricultural Economics 31: 
687-696. 1949. 
22. Hansen, P. L. and R. L. Mighell. The economics of 
input-output relationships in feeding for egg produc­
tion. Agricultural Economics Research 4: 1-8. 1952. 
23. Hanson, Bonnie L. MOUFLON: Reference Manual. Iowa 
State University, Statistical Laboratory, Statistical 
Numerical Analysis and Data Processing Series, No. 12. 
1969. 
171 
24. Harms, R. H. Some factors influencing the methionine 
requirement of laying hens. Distillers Feed Research 
Council Proceedings 22; 40-46. 1967. 
25. Harms, R. H. Use of mortality data in laying hen 
experiments to properly measure treatment effects. 
Feedstuffs 41, No. 16: 40-41. 1969. 
26. Heady, E. 0. A production function and marginal rates 
of substitution in the utilization of feed resources 
by dairy cows. Amer. J. of Agricultural Economics 33: 
485-498. 1951. 
27. Heady, E. 0., S. Balloun and R. J. Townsley. Cooperative 
research on input-output relationships in poultry produc­
tion. Paris, O.E.C.D. Documentation in Agriculture 
and Food No. 81. 1966. 
28. Heady, E. 0. and J. L. Dillon. Agricultural production 
functions. Ames, Iowa, Iowa State University Press. 
1961. 
29. Heady, E. 0., N. L. Jacobson, J. P. Madden and A. E. 
Freeman. Milk production functions in relation to feed 
inputs, cow characteristics and environmental conditions. 
Iowa Agr. and Home Ec. Expt. Sta. Bull. 529. 1964. 
30. Heady, E. O., N. L. Jacobson, J. A. Schnittker and 
S. Bloom. Milk production functions and marginal rates 
of substitution between forage and grain. In Heady, 
E. 0. and Dillon, J. L. Agricultural production func­
tions. Pp. 404-451. Ames, Iowa, Iowa State University 
Press. 1961. 
31- Henderson, J. M. and R. E. Quandt- Microeconomic theory. 
New York, N.Y., McGraw-Hill Book Co., Inc. 1950. 
32. Heywang, B. W. The effect of restricted feed intake 
on egg weight, egg production and body weight. Poultry 
Science 19: 29-36. 1940. 
33. Johnson, H. S. and S. F. Ridlen. How long should a 
laying flock be kept? Poultry Digest 28; 447-448. 1969, 
34. Johnston, J. Econometric methods. New York, N.Y. , 
McGraw-Hill Book Co., Inc. cl963. 
35. Lerner, I. M. Population genetics and animal improvement. 
Cambridge, England, The Cambridge University Press. 1950. 
172 
36. Lowe, R. W. and B. W. Heywang. Performance of single 
and multiple caged white leghorn layers. Poultry 
Science 43: 801-805. 1964. 
37. Milton, J. E. and C. R. Ingram. The protein requirement 
of laying hens as affected by temperatures, age, breed, 
system of management, and rate of lay (Abstract). 
Poultry Science 36: 1141-1142. 1957. 
38. National Research Council. Nutrient requirements of 
poultry. National Academy of Sciences - National 
Research Council Publication 1345. 1966. 
39. Nesheim, M. C. Present status of phase feeding of laying 
hens. Cornell Nutrition Conference for Feed Manufac­
turers, Ithaca, New York, 1966, Proceedings: 126-132. 
1966. 
40. Noles, R. K., L. H. Long and J. C. Fortson. Determining 
the optimum replacement policy for commercial layers. 
Poultry Science 48: 636-645. 1969. 
41. Owings, W. J. Iowa demonstration flock reports. Iowa 
State University of Science and Technology Cooperative 
Extension Service PS-48. 1969. 
42. Quisenberry, J. H. Phase feeding of laying hens. 
Feedstuffs 37, No. 24: 51-54. 1965. 
43. Shapiro, R. and H. Fisher. The amino acid requirement 
of laying hens. Poultry Science 44: 19 8-205. 19 65. 
44. Tower, B. A. and E. P. Roy. Performance of layers con­
fined in single vs. colony cages: summary of four-year 
trials. Feedstuffs 41, No, 46: 27. 1969. 
45. Townsley, Robert J. A quadratic programming model for 
economic analysis of swine rations. Unpublished Ph.D. 
thesis. Ames, Iowa, Library, Iowa State University of 
Science and Technology, 1969. 
46. Waugh, F. V. The minimum cost dairy feed. Amer. J. of 
Agricultural Economics 33: 299-310= 1951, 
47. Wells, 0. V. and Marion Clawson. A study of egg pro­
duction per hen in central Utah. Amer. J. of Agricultural 
Economics 15: 633-637. 1933. 
48. Wilson, H. R., J. E. Jones and R. W. Dorminey. Per­
formance of layers under various cage regimes. Poultry 
Science 46: 422-425. 1967. 
173 
ACKNOWLEDGMENTS 
I wish to thank Dr. E. 0. Heady for help, financial and 
otherwise, on this study and throughout my graduate career at 
Iowa State University. 
To Drs. Stephenson, Huntsberger, Kaldor and Speer I ex­
tend thanks for serving on my graduate committee. I am truly 
grateful to Dr. Balloun and Dr. Fuller for consultations on 
biological and statistical problems respectively. To my 
fellow graduate students, especially Andy and Gary, I am 
indebted for numerous constructive criticisms. 
Finally, I thank my wife Margaret and daughter Jo Ann, 
for their patience and understanding. 
174 
APPENDIX A; ANALYSES OF VARIANCE AND TWO-WAY TABLES OF 
MEANS FOR OVERALL EXPERIMENTAL PERIOD 
Notation 
CI = contrast of two-per-cage versus three-per-cage housing 
C2 = contrast of single versus multiple housing 
HI = linear effect of housing 
Hq = quadratic effect of housing 
df = degrees of freedom 
ms = mean square 
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Table A.la. Livability (percent); analysis of variance 
Source of Variation df ms F ratio 
Housing levels (H) 2  22 .  5751  0 .  619  
CI (HI) 1  33.  6921  0 .  952  
C2 (Hq) 1  11.  4513  0 .  314  
Protein levels (P) 3  41 .  9 8 7 1  1 .  152  
P linear (PI) 1  0. 3977  0. Oil 
P quadratic (Pq) 1  0. 7416  0 .  020  
P cubic (Pc) 1  12.  4822 0. 343  
Housing x Protein (HxP) 6  to
 
to
 
6 384  0 .  621  
Experimental Error 60  34 .  4417  
Total (Corrected) 71  
Table A.lb. Livability (percent); treatment rtieans^ 
Protein levels Housing 
12% 14% 16% 18% av. 
One-per-cage 94 .  55  99 .  32  95 .  73  94 .  79  96 .  10  
Two-per-cage 96 .  94  98 .  30  96 .  8 9  99 .  00  97 .  78  
Three-per-cage 96 .  73  97 .  27  91 .  86  98 .  57  96 .  10  
Protein av. 96 .  44  97 .  95  94 .  18  98 .  08  96 .  66  
^Standard error of mean = 2.4645. 
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Table A.2a. Average egg weight (grams); analysis of variance 
Source of Variation df ms F ratio 
Housing levels (H) 2 1. 9826 0. 922 
CI (HI) 1 1. 6129 0. 750 
C2 (Hq) 1 2. 3522 1. 094 
Protein levels (P) 3 4. 1124 1. 913 
P linear (PI) 1 9. 1502 4. 257* 
P quadratic (Pq) 1 2. 8003 1. 303 
P cubic (Pc) 1 0. 3868 0. 179 
Housing x Protein (HxP) 6 1. 0282 0. 478 
Experimental Error 60 2. 1494 
Total (Corrected) 71 
Denotes significance at the 5% level. 
Table A.2b. Average egg weight (grams); treatment means^ 
Protein levels Housing 
12% 14% 16% 18% av. 
One-per-cage 57. 8^ 59.2*b 59.3*b 59.9^ 59. 0 
Two-per-cage 57.9* 58.8* 58.8* 58.4* 58. 5 
Three-per-cage 58.5* 58.7* 59.0* 59.0* 58. 8 
Protein av. 58.1 58.9 59 .0 59.1 58. 8 
^Standard error of mean = 0.59 85. 
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Table A.3a. Hen-day egg production (percent); analysis of 
variance 
Source of Variation df ms F ratio 
Housing levels (H) 2 72. 4659 2, 829 
CI (HI) 1 0. 8190 0. 032 
C2 (Hq) 1 144. 1128 5. 627* 
Protein levels (P) 3 126. 2416 4. 929** 
P linear (PI) 1 356. 3394 13. 913** 
P quadratic (Pq) 1 14. 4734 0. 565 
P cubic (Pc) 1 7. 9121 0. 309 
Housing x Protein (HxP) 6 51. 8666 2. 025 
Experimental Error 60 25. 6128 
Total (Corrected) 71 
•k 
Denotes significance at the 5% level. 
* * 
Denotes significance at the 1% level. 
Table A.3b. Hen-day production (percent); treatment means^ 
Protein levels Housing 
12% 14% 16% 18% av. 
One-per-cage 76. 
o
 
o
 74 . 38^ 77. 86^ 
cn 
75^ 75. 49 
Two-per-cage 65. 39^ 71. 03*% 75. 26^° 78. 06^ 72. 71 
Three-per-cage 68. 41^ 72. 15^ 73. 18^ 75. 63^ 72. 35 
Protein av. 68. 97 72. 1.5 74. 69 76. 14 72. 99 
•^Standard error of mean = 2,066-
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Table A.4a. Pounds of eggs per 100 hen-days; analysis of 
variance 
Source of Variation df ms F ratio 
Housing levels (H) 2 1. 6143 3. 671* 
CI (HI) 1 0. 0044 0. 010 
C2 (Hq) 1 3. 2243 7. 331* 
Protein levels (P) 3 3. 2027 7. 282** 
P linear (PI) 1 8. 7262 19. 841** 
P quadratic (Pq) 1 0. 7236 1. 645 
P cubic (Pc) 1 0. 1583 0. 360 
Housing x Protein (HxP) 6 0. 6140 1. 396 
Experimental Error 60 0. 4398 
Total (Corrected) 71 
* 
Denotes significance at the 5% level. 
** 
Denotes significance at the 1% level. 
Table A.4b. Pounds of eggs per 100 hen-days; treatment means^ 
Protein levels Housing 
12% 14% 16% 18% av. 
One-per-cage 9.650^ 9.696* 10.235* 9.710* 9. 822 
Two-per-cage 8.493^ 9 .199^ 9.777^G 10.040^ 9.380 
Three-pe r-cage 8.814* 9.329*^ 9.561^ 9.840^ 9. 386 
Protein av. 8.843 9. 348 9.749 9.887 9.456 
•^Standard error of mean = 0.2708. 
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Table A.5a. Feed intake per 100 hen-days (pounds); analysis 
of variance 
Source of Variation df ms F ratio 
Housing levels (H) 2 0. 2041 0. 348 
CI (HI) 1 0. 2214 0. 377 
C2 (Hg) 1 0. 1869 0. 318 
Protein levels (P) 3 1. 8562 3. 162* 
P linear (PI) 1 2 . 2106 3. 765 
P quadratic (Pq) 1 3. 2695 5. 569* 
P cubic (Pc) 1 0. 0886 0, 151 
Housing x Protein (HxP) 6 1. 7581 2. 995* 
Experimental Error 60 0. 5871 
Total (Corrected) 71 
Denotes significance at the 5% level. 
Table A.5b. Feed intake per 100 hen-days (pounds); treatment 
means1 
Protein levels Housing 
1S % a V : 16% 
One-per-cage 
T V70 - n e r- c a cr e 
23.091 21.500 21.887 21.231 
21.764= 21.929' 21.186 22.114 
Three-per-cage 22.131 21.528 21.753 22.059" 
Protein av. 22.165 21.657 21.581 21.949 
21.921 
21.751 
21.872 
21,840 
^Standard error of mean = 0.3128. 
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Table A.6a. Feed efficiency; (lb. feed/lb. eggs); analysis 
of variance 
Source of Variation df ms F ratio 
Housing levels (H) 2 0. 0854 4. 126* 
CI (HI) 1 0. 0001 0. 005 
C2 (Hq) 1 0. 1707 8. 246* 
Protein levels (P) 3 0. 3435 16. 594** 
P linear (PI) 1 0. 8471 40. 923** 
P quadratic (Pq) 1 0. 1792 8. 657** 
P cubic (Pc) 1 0. 0041 0. 198 
Housing x Protein (HxP) 6 0. 0200 0. 966 
Experimental Error 60 0. 0207 
Total (Corrected) 71 
Denotes significance at the 5% level. 
* * 
Denotes significance at the 1% level. 
Table A.6b. Feed efficiency (lb. feed/lb. eggs); treatment 
means^ 
Protein levels Housing 
12% 14% 16% 18% av. 
One-per-cage 2 .39* ^ . _ _ a b  z ^ -, ,b , r,b 2 . 2 3 
Two-per-cage 2 .56* 2 . 38% 2 .17^ 2 .20^ 2 .32 
Three-per-cage 2 .51% 2. 31% 2 
C
O
 C
N
 
2 .24% 2 .33 
Protein av. 2 .51 2. 32 2 .21 2 .22 2 .31 
^Standard error of mean = 0,0587. 
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Table A.7a. Body weight gain (pounds); analysis of variance 
Source of Variation df ms F ratio 
Housing levels (H) 2 0. 0068 1. 333 
CI (HI) 1 0. 0133 2. 608 
C2 (Hq) 1 0. 0002 0. 039 
Protein levels (P) 3 0. 1435 28. 137** 
P linear (PI) 1 0. 2190 42. 941** 
P quadratic (Pq) 1 0. 2113 41. 431** 
P cubic (PC) 1 0. 0002 0. 039 
Housing x Protein (HxP) 6 0. 0234 4. 588** 
Experimental Error 60 0. 0051 
Total (Corrected) 71 
** 
Denotes significance at the 1% level. 
Table A.7b. Body weight gain (pounds); treatment means^ 
Protein levels Housing 
12% 14% 16% 18% av. 
One-per-cage 0. 
O
 
CD 
0. 00
 
0. 9 0^ 0, 31^ 0. 86 
Two-per-cage 0- 72^ 0. 96^ 0. 94^ 0. 93^ 0. 89 
Three-per-cage 0. 70" 0. 
X! 
CO CO 
1. 0. 81^ 0. 55 
Protein av. 0.74 0.89 0.95 0.88 0.87 
^Standard error of mean = 0.0292. 
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APPENDIX B: EXPLANATION OF USE OF 
SOYBEAN MEAL EQUIVALENT 
Recall that in Chapter IV soybean meal equivalent (S) 
was used instead of soybean meal alone to allow for cert^^n 
other protein feeds in the ration. This appendix explains 
how and why this was done. 
The composition of the experimental rations was given 
in Table 2.1. We recall that only corn, soybean meal and 
soyoil varied from ration to ration. All other ingredients, 
which made up 12.8% of the total, remained fixed among 
rations. Among this fixed group were alfalfa meal at 2% 
and fish meal at 3% of the total ration. Since both these 
feeds are important sources of protein it seemed desirable 
to include them along with soybean meal in the two-input 
production function analysis. Hence, the three protein feeds 
were combined and the resulting input was called "soybean 
meal equivalent." 
It so happens that 3 parts fishmeal (65.0% protein) and 
2 parts alfalfa meal (20.0% protein) are approximately similar 
in protein and energy content to 5 parts soybean meal. The 
soybean meal used in Experiment 729 contained 48% protein 
whereas the weighted mixture works out at 47% protein. Like­
wise, 3 parts fishmeal (1320 M.E./lb.) and 2 parts alfalfa 
meal (700 M.E./lb.) together give a meal mixture with an energy 
content of 1072 M.E./lb. compared with 1136 M.E./lb. for 
Table B.l. Comparison of fishmeal-alfalfa mix (3/2) with soybean meal^ 
Pro­
tein 
% 
Energy 
M.E./ 
lb. 
Fat 
% 
Fibre 
% 
Ca. 
% 
P 
% 
Vit. 
A 
lU/ 
lb. 
Vit. 
Bl2  
meg/ 
lb. 
Methio­
nine 
% 
Cystine 
% 
Lysine Tryp-
% to-
phane 
% 
Fishmeal 65.0 1320 8.7 - 5.0 3.3 — 0.4 1.8 1.0 5.0 0.8 
Alfalfa 
meal 20.0 700  2.5 17.0 2.0 - 750 - 0.2 0.4 1.0 0.3 
Mixture 
(3 fish-
meal & 2 
alfalfa) 
47.0 1072 6.2 6.8 3.8 2.0 300 0.24 1.16 0.76 3.4 0.62 
Soybean 
meal 
48-0 1136 0.5 3.1 0.4 0.7 — — 0.66 0.66 3.0 0.66 
^The figures are computed from feed formulation worksheets of Experiment 729. 
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soybean meal. Thus, on the basis of protein and energy, soy­
bean meal is very slightly better than the 3/2 combination 
of fishmeal and alfalfa meal. 
Table B.l shows how the fishmeal-alfalfa mixture compares 
with soybean meal for these and other nutrients. The dif­
ferences in fat and fibre content, minerals, vitamins or 
essential amino acids are of minor importance for our pur­
poses (though not necessarily from a nutritionist's point of 
view). In most cases the fishmeal-alfalfa mixture is superior 
to soybean meal in terms of these other components. This can 
be looked upon as partly offsetting the slight superiority 
of soybean meal in terms of protein and energy content. Hence, 
all three protein feeds were simply added together and the 
composite input called soybean meal equivalent ,in the produc­
tion function analysis of Chapters IV and V. 
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APPENDIX C: DERIVATION OF ISOQUANTS FOR THE 
QUADRATIC AND SQUARE ROOT FUNCTIONS 
This appendix shows how the derivation of isoquants 
for the quadratic and square root functions was handled. 
The computational burden can be greatly reduced if it is 
recognized that the same computer program can be used for 
both functions. Consider the quadratic function in two 
variables C and S where for convenience all signs are assumed 
positive: 
W = bo + b,C + bgS + bgC^ + b^S^ + b^CS (C.l) 
To get the isoquant equation we formulate this as a 
quadratic equation in C and solve for its roots using the 
usual formula: 
C^ t b g )  +  Cfb ^ + b g ^ S l  +  fb o + b g S + b ^ S ^ - W )  =  0  (C . 2 )  
-(b^+bgS) + [ (b^+b^S) ^-4b2 (bQ+b2S+b^S^-W) ]^ 
c = (C.3) 
On simplifying this becomes: 
^ ^2bJ^ ^ ^^1 "4b2bQ) + (2b^bg-4b2b2)S 
+ + (4b2W)]°'5 (C.4) 
Equation C.4 is now in suitable form for generating the 
coefficients of an isoquant equation such as 4.13 by means of 
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a simple computer program. By plugging in selected values 
for S and W isoquant tables can likewise be generated. Since 
Equation C.4 is the general expression for the isoquants 
for the general quadratic function in two variables as in 
Equation C.l the computer program should be perfectly general. 
Hence any quadratic function in two variables can be handled 
simply by plugging in the specific coefficients. 
At first sight we might think that an entirely new 
program is needed to handle the square root function. This 
is not so. Consider the function: 
W  =  bp  +  b ^ C  +  bg S  +  bg C ' S  +  b^ S ' S  +  b^ C ' ^ s ' S  ( C . 5 )  
Instead of a quadratic in C we can now formulate a quadratic 
in C'^ as in Equation C.6. 
C(b^) + C'Sfbg+bgS'S) + (bo+b^S'S+bgS-W) = 0 (C.6) 
On solving for the roots of this equation and simplifying as 
before we get an exprsisioii similar to Equation (C,4) , 
^ " ^ 2b^^ ^ ^2bY^^ i 2bJ [(^3 -^b^b^) 
+ (2b3b^-4b^b^)S* (bg2_4b^b2)S+(4b^W)]^ 
(C.7) 
A moment's reflection will show that the coefficient structure 
of Equations C.4 and C.7 is such that if b^ is interchanged 
with bg and b^ with b^ the two equations are identical in 
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form. Hence, if one sets up a program to handle Equation 
C.4 he can generate the isoquants for the square root func­
tion using the same program. To do this he simply interchanges 
the columns indicated in reading in his coefficients and 
c 2 
uses S* instead of S and S instead of S . This gives him 
the expression in Equation C.7. Then, to get values for C 
as needed for the construction of isoquant tables he simply 
squares this latter expression. In other words by merely 
altering three or four cards he can use the same computer 
program to generate the isoquants for both the general 
quadratic and square root functions in two variables. 
188 
APPENDIX D: DATA FROM EXPERIMENT 729^ 
Notation 
EU.t = a label where the digits before the decimal point 
represent the experimental unit number and the digit 
after the decimal point denotes the time period in 
units of 28 days. The tenth period is shown as .0 
instead of .10 for ease of coding. 
E = number of eggs produced per experimental unit per 28-
day period. 
W = pounds of eggs produced per experimental unit per 2 8-
day period. 
F = pounds of feed consumed per experimental unit per 28-
day period. 
G = average egg weight (grams) per experimental unit per 
28-day period. 
H = number of actual hen-days per experimental unit per 2 8-
day period. 
The data are listed by treatments, one treatment per 
page, starting with one-per-cage housing and 12% protein then 
one-per-cage housing and 14% protein etc. The final treat­
ment is three-per-cage housing and 18% protein. 
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Table D.l. Data from experiment 729 
EU. t^ W 
,a 
F" G" EU. W 
.a 
13. 1 8 5  10. 54 23. 9 56. 3 112 47. 1 83 10. 04 23. 5 54. 9 112 
13. 2 8 8  10. 74 25. 7 55. 4 112 47. 2 87 10. 42 24. 9 54. 4 112 
13. 3 85 10. 58 27. 5 56. 5 112 47. 3 97 11. 79 28. 5 55. 2 112 
13. 4 87 11. 25 27. 3 58. 7 112 47. 4 91 11. 42 29. 4 57. 0 112 
13. 5 87 11. 27 25. 7 58. 8 112 47. 5 92 11. 02 25. 6 54. 4 112 
13- 6 86 11. 35 26. 9 59 . 9 112 47. 6 87 10. 8 8  26. 7 56. 8 112 
13. 7 84 11-49 26. 9 62. 1 112 47. 7 89 11. 39 27. 4 58. 1 112 
13. 8 83 11. 10 25. 7 60. 7 112 47. 8 90 11. 80 26. 2 58, 4 112 
13. 9 80 10. 85 22. 8 61. 6 112 47. 9 86 11. 19 23. 9 59. 1 112 
13. 0 72 9. 83 23. 0 62. 0 112 47. 0 61 7. 61 17. 6 56. 7 91 
16. 1 91 10. 42 23. 4 52. 0 112 67-1 81 9. 0 8  22. 8 50. 9 112 
16. 2 92 10. 94 24. 9 54. 0 112 67. 2 91 11. 30 27. 1 56. 4 112 
16. 3 96 11. 65 28. 0 55. 1 112 67- 3 82 10. 37 29. 7 57. 4 112 
16. 4 93 11. 39 28. 8 55. 6 112 67. 4 88 11. 26 25. 1 58. 1 112 
16. 5 88 10. 8 9  26- 4 56. 2 112 67. 5 8 8  11. 12 26. 2 57. 4 112 
16. 6 90 11- 28 26- 8 56. 9 112 67. 6 86 10. 8 9  25. 2 5 7 .  5 112 
16. 7 90 11. 50 28-1 58. 0 112 67. 7 83 10. 55 25. 3 57. 7 10 8 
16. 8 90 11. 06 27. 5 55. 8 112 67. 8 67 8- 59 19 .  4 58. 2 84 
16. 9 8 6  10. 63 24. 2 56. 1 112 67- Q 69 9. 07 19 .  1 59. 7 84 
16. 0 78 9. 67 24. 4 56. 3 112 67. 0 62 7. 69 17. 5 56. 3 84 
33. 1 51 6. 29 18. 3 56. 0 107 76. 1 72 8. 67 22. 6  54. 7 112 
33. 2 67 8. 44 20. 2 57. 2 84 76. 2 84 10. 36 26. 9  56. 0 112 
33. 3 72 9. 55 20. 1 60. 2 84 76. 3 78 9. 79 28. 3 57. 0 112 
33. 4 64 8. 50 20. 4 60. 3 84 76. 4 88 11. 24 27. 1 58. 0 112 
33. 5 65 8. 43 18. 6 58. 9 84 76. 5 87 11. 15 27. 6 58. 2 112 
33. 6 65 8. 73 19. 5 61 • 0 8 4  76. 6 8 2  10. 76 27. 4 59. 6 112 
33. 7 58 8. 01 18. 8 62. 7 84 76. 7 79 10 .  27 2 8 .  0 59. 0  112 
33. 8 5 8  7. 70 18. 8 60. 3 84 76. 8 8 8  11 .  75 2 8 .  4 60  r 6  112 
33. 9  59 8. 13 16. 7 62. 6  8 4  76. 9  8 4  11 .  15  26. 1 60. 3  112 
33. 0 57 7. 6 9  17. 6  61. 3 8 4  76 .  0 80 10. 61  26. 8 50  - 2 li2 
dotation is defined on previous page. 
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Table D.l (Continued) 
EU. , t a ga W EU. ,t^ E^ W 
4. 1 8 3  10. 64 24. 6 58. 2 112 44. 1 89 10. 47 21. 9 5 3 .  4 112 
4. 2 89 11. 45 25. 7 58. 4 112 44. 2 88 10. 89 21. 7 56. 2 112 
4. 3 90 11. 87 27. 5 59. 9 112 44. 3 87 11. 11 23. 4 5 8 .  0 112 
4. 4 87 11. 44 25. 6 59. 7 112 44. 4 89 11. 47 22. 7 58. 5 112 
4. 5 66 8. 84 21. 8 60. 8 112 44. 5 84 10. 90 22. 4 58. 9 112 
4. 6 77 10. 68 25. 1 63. 0 112 44. 6 87 11. 54 23. 4 60. 2 112 
4. 7 77 10. 89 25. 1 64. 2 112 44. 7 76 10. 21 21. 9 61. 0 112 
4. 8 64 9. 18 21. 3 65. 1 112 44. 8 82 10. 91 22. 8 60. 4 112 
4. 9 54 7. 64 16. 8 64 . 3 94 44. 9 78 10. 41 21. 6 60. 6 112 
4. 0 53 7. 00 17. 1 60. 0 84 44. 0 75 10. 01 21. 4 60. 6 112 
24. 1 81 9. 56 24. 1 53. 6 112 56. 1 83 9. 76 22. 1 53. 4 112 
24. 2 97 12. 18 26. 8 57. 0 112 56. 2 83 10. 16 23. 2 55. 6 112 
24. 3 96 12. 54 29. 4 59. 3 112 56. 3 85 10. 54 24. 6 56. 3 112 
24. 4 96 12. 52 28. 3 59. 2 112 56. 4 79 10. 16 24. 7 58. 4 112 
24. 5 73 10. 24 21. 8 63. 7 112 56. 5 80 10. 47 23. 5 59. 4 112 
24. 6 78 11. 13 24. 6 64 . 8 112 56. 6 76 10. 24 23. 8 61. 2 112 
24. 7 83 11. 76 25. 1 64. 3 112 56. 7 71 9. 34 23. 1 59. 7 112 
24. 8 86 11. 93 25. 1 63. 0 112 56. 8 69 9, 32 24. 0 61. 3 112 
24. 9 87 12. 13 23. 6 63. 3 112 56. 9 6 8  9. 08 22. 0 61. 9 112 
24. 0 83 11. 72 25. 5 64. 1 112 56. 0 63 8. 24 23. 6 59. 4 112 
30. 1 96 11. 25 22. 6 53. 2 112 79. 1 95 11. 30 24. 0 54. 0 112 
30. 2 100 12. 49 25. 7 56. 7 112 79. 2 85 10. 33 22. 8 55. 2 112 
30. 3 98 12. 15 27. 2 56. 3 112 79. 3 96 12. 14 26. 6 57. 4 112 
30. 4 96 11. 97 27. 4 56. 6 112 79. 4 95 11. 97 26. 0 57. 2 112 
30. 5 89 11. 12 23. 0 56. 7 112 79. 5 93 11. 94 24. 2 58. 3 112 
30. 6 88 11. 46 23. 9 59. 1 112 79. 6 94 12. 51 25. 0 60. 4 112 
30. 7 79 10. 09 23. 1 58. 0 112 79. 7 90 12. 31 28. 7 62. 1 112 
?0- R 12 9 . 37 24. 1 59. 1 112 79. 8 93 12. 25 24. 3 59. 8 112 
30. 9 72 9. 45 22. 8 59. 6 112 79 . 9 87 11. 65 24. 2 60. 8 112 
30. 0 6 6  8, 78 22. 3 50 « 4 112 79. 0 88 12 . 04 24. 3 62. 1 112 
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Table D.l (Continued) 
EU. t' a ga M EU. t' 
7. 1 90 10. 79 22. 6 55. 4 112 50. 1 93 11. 13 21. 2 54. 3 112 
7. 2 88 11. 25 23. 9 58. 0 112 50. 2 94 11. 65 23. 3 56. 2 112 
7. 3 87 11. 62 25. 5 60. 6 112 50. 3 95 12. 15 25. 0 58. 0 112 
7. 4 86 11. 49 24. 8 60. 6 112 50. 4 98 12. 47 24. 4 57. 7 112 
7. 5 87 11. 72 23, 6 61, 1 112 50. 5 93 12. 00 23. 0 58. 5 112 
7. 6 79 10. 61 23. 6 60. 9 112 50. 6 86 11. 00 23. 3 58. 0 112 
7. 7 87 11. 87 24, 1 61. 9 112 50. 7 93 12. 12 26. 0 59. 1 112 
7. 8 80 11. 32 24. 5 6 4 .  2 112 50. 8 8 6  11. 26 26. 3 59. 4 112 
7. 9 75 10. 28 22, 9 62. 2 112 50. 9 77 10. 25 21. 4 60, 4 112 
7. 0 78 10. 25 24. 0 59. 6 112 50. 0 76 9. 60 26. 2 57, 3 112 
27. 1 8 2  9. 09 22. 0 50. 3 112 64. 1 87 10. 72 22. 7 55. 9 112 
27. 2 88 10. 40 24. 2 53. 6 112 64 . 2 73 9. 43 22. 3 58. 6 98 
27. 3 94 11. 81 26. 5 57. 0 112 64 . 3 60 7. 83 20. 2 59. 2 84 
27. 4 88 11. 14 26. 3 57. 4 112 64. 4 70 9. 27 20. 8 60. 1 84 
27. 5 86 10. 96 24. 1 57. 8 112 64 . 5 62 8. 2 6  17. 0 60. 4 84 
27. 6 88 11. 35 24. 4 58. 5 112 64. 6 62 8, 26 18. 4 60. 4 84 
27. 7 85 10. 78 24. 6 57. 5 112 64. 7 63 8, 76 18. 7 63. 1 84 
27. 8 88 11. 27 24. 6 5 8 .  1 112 64. 8 64 8. 88 1 8 .  3 6 2 .  9 84 
27. 9 84 10. 78 22, 4 58. 2 112 64. 9 41 5. 55 10. 4 61. 4 63 
27. 0 80 9. 91 23. 6 56. 2 112 64. 0 40 5. 32 11. 1 6 0 .  3 56 
39. 1 89 10. 83 23. 3 55. 2 112 73. 1 100 12. 63 2 5 .  1 57. 3 112 
39. 2 91 11. 70 26. 1 5 8 .  3 112 73. 2 99 12, 81 25. 8 58. 7 112 
39 • 3 93 12. 61 29 . 4 61. 5 112 73. 3 99 13, 12 26. 9 60. 1 112 
39. 4 99 13. 82 29. 5 63, 3 112 73. 4 101 13. 89 26. 5 62. 4 112 
39. 5 98 13. 48 25. 5 62. 4 112 73. 5 91 12. 24 25. 0 61. 0 112 
39. 6 100 13. 56 25. 5 61. 5 112 73. 6 8 6  11. 70 24. 8 6 1 .  7 112 
39. 7 93 12 . 73 25. 8  62. 1 112 73. 7 85 11. 6 0  25. 9 6 1 .  9  112 
39 . 3  92 13 .  10  25 .  2  64  .  6  11?  73. 8  77  10 .  83 24. 8  63. 8  112 
39. 9  92 12  .  72 23. 8  62. 7  112  73 .  9  59 8 .  42  19. 4  64. 7  112 
39. 0  82 11 .  17 24 .  6  61. 8  112  73 .  0  70 1 0 .  83 22. 9 70 .  2  112 
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Table D.l (Continued) 
EU. , t' a  ga  EU. E^ W ,a 
10. 1 86 10. 27 21. 5 54. 2 112 53. 1 91 11. 2 8  22. 6 56. 3 112 
10. 2 76 9. 44 18. 8 56. 4 98 53. 2 9 2  11. 37 2 3 .  8 56. 1 112 
10. 3 69 8. 69 17. 9 57. 2 84 53. 3 92 11. 65 25. 7 57. 5 112 
10. 4 72 9 . 12 18. 2 57. 5 84 53. 4 89 11. 78 25. 3 60. 1 112 
10. 5 67 8. 57 16. 9 58. 1 84 5 3 .  5 69 9. 15 23. 1 60. 2 112 
10. 6 67 8. 71 18. 9 59. 0 84 53. 6 75 10. 23 23. 4 61. 9 112 
10. 7 68 8. 93 18. 1 59. 6 84 5 3 .  7 67 9. 05 23. 8 61. 3 112 
10. 8 64 8. 58 18. 7 60. 9 84 53. 8 64 8. 77 22 . 8 62. 2 112 
10. 9 66 8. 95 18. 5 61. 6 84 53. 9 64 8. 85 21. 0 6 2 .  8 112 
10. 0 64 8. 46 18. 3 60. 0 84 53. 0 60 8. 01 23. 1 60. 6 112 
19 . 1 99 11. 93 23. 8 54. 7 112 59. 1 82 9. 50 22. 2 52. 6 112 
19. 2 101 12. 55 26. 7 56. 4 112 59. 2 91 10. 84 23. 0 54. 1 112 
19 . 3 99 12. 56 28. 2 57. 6 112 5 9 .  3 101 12. 57 25. 7 56. 5 112 
19 . 4 97 12. 73 24. 2 59 . 6 112 59. 4 94 12. 13 2 3 .  0 5 8 .  6 112 
19. 5 95 12. 58 24. 1 60. 1 112 59. 5 95 12. 39 2 3 .  7 59. 2 112 
19. 6 96 12. 77 24. 8 60. 4 112 59. 6 93 12. 37 23. 3 60. 4 112 
19. 7 91 12. 11 25. 1 60. 4 112 59. 7 9 2  12. 2 2  23. 7 60. 3 112 
19. 8 76 10. 01 2 4 .  0 59. 8 112 59. 8 90 12. 69 22 . 9 64. 0 112 
19. 9 85 11. 29 23. 2 60. 3 112 5 9 .  9 8 0  31. 03 22. 2 62. 6 112 
19. 0 82 10. 86 24. 3 60. 1 112 59. 0 84 10. 92 21. 8 59. 0 112 
36. 1 74 9. 13 23. 3 56. 0 112 70. 1 79 10. 27 22. 7 59. 0 112 
36. 2 76 9. 69 2 6 .  0 57. 9 112 70. 2 70 9. 39 23. 3 60. 9 112 
3 6 .  3 73 9 . 70 30-9 60. 3 112 70. 3 73 9. 50 25. 5 59. 1 112 
36. 4 74 9. 80 22. 9 6 0 .  1 112 7 0 .  4 70 10. 31 24. 4 66. 9 112 
3 6 .  5 75 10. 14 23. 9 61. 4 112 70. 5 67 9. 37 20. 7 63. 5 112 
36. 6 73 9. 94  2 2 .  9  61. 8 112 70. 6 74 10. 4 6  19. 1 64. 2 112 
36. 7 69 9 .  51  2 4 .  8 6 2 .  6  112  70. 7 67 9. 49 1 8 .  3 64. 3 84 
36. 8 71 9 .  52 2 4 .  3  60 .  9  112  70. 8 6 6  9 .  4 6  17. 7 65. 1 84 
3 6 .  9  69 9 .  63 2 2 .  6  63 .  4  112  70. 9  65 9  .  08 17. S 6 3. 4 o 4  
36. 0  67 8. 81  22. 6  59. 7  112  70. 0  61 9 .  43  18 .  3  70 .  2  8 4  
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Table D.l (Continued) 
EU. t ^ E^ W EU. t' ^ E^ W ,a G^ 
9. 1 177 20. 66 47. 6 53. 0 224 43. 1 167 20. 19 48. 7 54. 9 224 
9. 2 168 20. 65 50. 9 55. 8 224 43. 2 179 22. 47 52. 6 57. 0 224 
9. 3 165 21. 04 55. 0 57. 9 224 43. 3 180 23. 07 55. 8 58. 2 224 
9. 4 153 19. 82 56. 3 58. 8 224 43. 4 181 23. 52 57. 2 59. 0 224 
9. 5 140 18. 41 50. 8 59. 7 224 43. 5 173 22. 82 52. 4 59. 9 224 
9. 6 135 17. 78 52. 1 59. 8 224 43. 6 178 23. 99 55. 4 61. 2 224 
9 . 7 130 17. 55 52. 3 61. 3 224 43. 7 172 23. 41 53. 7 61. 8 224 
9 . 8 109 14. 65 51. 5 61. 0 224 43. 8 158 21. 72 53. 1 62. 4 224 
9. 9 116 15. 74 43. 8 61. 6 224 43. 9 148 20. 40 48. 2 62. 6 224 
9. 0 116 15. 56 44. 3 60. 9 224 43. 0 148 20. 63 47. 9 63. 3 224 
23. 1 157 17. 74 45. 7 51. 3 224 63. 1 131 15. 52 41. 2 53. 8 224 
23. 2 159 19. 05 47. 8 54. 4 224 63. 2 123 15. 33 44. 0 56. 6 224 
23. 3 161 20. 07 51. 3 56-6 224 63. 3 164 20. 70 50. 6 57. 3 224 
23. 4 156 19. 58 51. 1 57. 0 224 63. 4 147 18. 91 51. 9 58. 4 224 
23. 5 156 19. 52 44. 3 56. 8 200 63. 5 123 15. 66 44. 6 57. 8 224 
2 3 .  6 139 17, 24 4 4 .  6 5 6 .  3 196 63. 6 133 17. 2 3  4 8 .  8 5 8 .  8 224 
23, 7 119 15. 60 44. 1 59. 5 196 63, 7 127 16. 78 47. 6 60. 0 224 
23. 8 130 17. 38 44. 2 60, 7 196 63. 8 126 16, 76 45. 5 60. 4 2 2 4  
23. 9 123 16. 14 40. 3 59. 6 196 63. 9 125 16. 41 43, 7 59. 6 224 
23. 0 116 15. 27 40. 0 59, 8 19 6 63. 0 117 15. 30 41. 4 59. 4 224 
29. 1 145 16. 93 43. 5 5 3 .  0 224 78. 1 175 19. 77 47. 4 51. 3 224 
29. 2 126 14. 60 39. 2 52. 6 201 78. 2 178 21. 29 49. 5 54. 3 224 
29. 3 123 15. 2 8 41. 2 56. 4 19 6 78. 3 186 23. 11 52. 1 56. 4 224 
29 . 4 120 14. 93 40. 8 56. 5 196 78. 4 183 22. 89 53. 1 56. 8 224 
29. 5 97 12. 11 37. 7 56. 7 19 6 78. 5 166 21. 39 49. 3 5 8 .  5 224 
29. 6 120 15. 3 8  39. 8 58. 2 196 78. 6 171 21. 96 51. 5 58. 3 224 
29. 7 113  14. 49 3 8 .  8 58. 2  196 78. 7 152 2 0 .  2 2  50. 7 60. 4 224 
29  .  S 112  37 .  5  S .  13  6  7 3. S 164  21 .  54 .  1  60 .  1  
29. 9  94  12 .  28 31 .  7  59 .  3  196  78. 9  147  19 ,  91  48. 5  61 .  5 224 
29  .  0  106 14 .  19 36 .  9  60. 8  196 78. 0  147  19  .  68 49 .  6 60, 8  224 
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Table D.l (Continued) 
EU.t^ EU.t^ E^ F^ G^ 
6. 1 179 21. 49 46. 1 54. 5 224 46. 1 164 20. 37 46. 6 56. 4 224 
6. 2 175 21. 93 49. 7 56. 9 224 46. 2 183 23. 54 50. 4 58. 4 224 
6. 3 161 20. 32 52. 9 57. 3 224 46. 3 181 23. 24 55. 8 58. 3 224 
6. 4 155 19. 84 54. 8 58. 1 224 46. 4 174 22. 54 48. 7 58. 8 224 
6. 5 154 20. 42 50. 1 60. 2 224 46. 5 180 23. 39 50. 7 59. 0 224 
6. 6 131 17. 51 48. 7 60. 7 224 46. 6 173 20. 73 51. 5 54. 4 224 
6. 7 145 19. 19 48. 4 60. 1 224 46. 7 172 22. 54 50. 1 59. 5 2 2 4  
6. 8 140 18. 96 48. 8 61-5 224 46. 8 162 21. 6 2  50-4 60. 6 224 
6. 9 123 16. 36 45. 0 60. 4 224 46. 9 155 21. 13 46. 4 61. 9 224 
6 .  0 127 17. 09 47. 2 61. 1 224 46. 0 162 21. 73 48. 4 60. 9 224 
18. 1 174 21. 27 46. 8 55. 5 224 58. 1 167 19. 31 45. 8 52. 5 224 
18. 2 188 2 3 .  69 49 . 7 57. 2 224 58. 2 163 19. 46 47. 0 54. 2 224 
18. 3 183 23. 54 51. 4 58. 4 224 58. 3 150 18. 04 50. 8 54. 6 224 
18. 4 186 24. 74 51. 1 60. 4 224 58. 4 158 19. 87 51. 0 57. 1 224 
18. 5 176 23. 22 48. 4 59. 9 224 5 8 .  5 138 17. 33 46. 4 57. 0 224 
18. 6 172 23. 26 50. 2 61. 4 224 58. 6 150 19. 6 6  49. 1 59. 5 224 
18. 7 176 23. 96 50. 4 61. 8 224 58. 7 145 19. 07 50. 0 59. 7 224 
18. 8 166 22. 89 50. 0 62, 6 224 58. 8 137 17. 95 51. 3 59. 6 224 
18. 9 166 22. 67 47. 2 62. 0 224 58. 9 150 19. 69 46. 6 59. 6 224 
18. 0 163 2 2 .  26 4 9 .  0 61. 4 224 58. 0 132 17. 29 44. 8 59. 5 224 
38. 1 172 20. 38 44. 9 53. 8 224 72. 1 153 18. 26 48. 5 54. 2 224 
38. 2 182 22. 8 9  50. 7 57. 1 224 72. 2 160 20. 02 54. 5 56. 8 224 
38. 3 180 22. 60 51. 5 57. 0 224 7 2 .  3 147 18. 84 55. 4 58. 2 224 
3 8 .  4 186 23. 92 4 9 .  9 5 8 .  4 224 72. 4 146 1 9 .  17 52. 5 59. 6 224 
38. 5 178 2 2  .  8 6  4 8 .  0 58. 3  2 2 4  72. 5 127 16. 9 2  46. 3 60. 5 224 
38. 6 171 2 2 .  67 5 0 .  9 60. 2  2 2 4  7 2 .  6 119 16. 07 4 4 .  0 61. 3  215 
38. 7 175 23 .  28 50. 3  60. 4 2 2 4  7 2 .  7  80  10 .  71 45. 3  60 .  8  19 6 
38 .  8  168 22. 68 51 .  5  61 .  3  224 72. o  o4 i .1  * 16 35. 5  60 .  4c 15 3 
38. 9  142  19 .  20 37. 8  61. 4  203 72 .  9  110  14 .  76  35. 1  60.  9 168 
3 8 .  0  152  19 .  8 2  4 0 .  1  59.  2  196  7 2 .  0  116  15 .  9 9  36 .  7 62. 6 168 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
224 
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Table D.l (Continued) 
EU.t^ EU.t^ E^ 
3. 1 176 22. 12 44. 0 57. 0 224 52. 1 167 19. 59 45. 2 
3. 2 183 23. 89 48. 4 59. 2 224 52. 2 174 21. 71 47. 7 
3. 3 189 25. 58 52. 6 61. 4 224 52. 3 180 23. 77 49. 4 
3. 4 184 24. 62 53. 3 60. 7 224 52. 4 178 23. 74 49 . 8 
3. 5 185 25. 33 49. 0 62. 1 224 52. 5 183 24. 33 49. 0 
3. 6 176 24. 10 51. 1 62. 1 224 52. 6 172 22. 98 49. 3 
3. 7 177 24. 35 50. 6 62. 4 224 52. 7 162 21. 93 48. 4 
3. 8 165 22. 88 51. 5 62. 9 224 52. 8 162 21. 96 48. 7 
3. 9 152 20. 91 45. 4 62. 4 224 52 . 9 159 21. 03 45. 4 
3. 0 151 20. 87 46. 0 62. 7 224 52. 0 134 17. 78 46. 8 
15. 1 161 19. 45 44. 3 54. 8 224 55. 1 177 21. 11 45. 1 
15. 2 162 20. 00 46. 5 56. 0 224 55. 2 180 22. 30 48. 6 
15. 3 163 20. 59 49. 0 57. 3 224 55. 3 183 23. 40 51. 6 
15. 4 156 19. 50 46. 0 56. 7 212 55. 4 186 24. 28 45. 4 
15. 5 142 18. 00 38. 9 57. 5 19 6 55. 5 177 23. 10 46. 3 
15. 5 145 18. 54 41. 8 58. 0 196 55, 6 177 23, 57 48. 9 
15. 7 131 17. 50 42, 2 60. 6 196 55. 7 167 21. 65 47. 2 
15. 8 128 17. 10 41. 6 60. 6 196 55. 8 156 21. 01 49. 3 
15. 9 128 16. 87 37. 9 59. 8 196 55. 9 173 22. 85 45. 2 
15. 0 118 15. 51 37. 7 59. 6 196 55. 0 165 21. 57 46. 0 
35. 1 176 20. 91 43. 2 53. 9 224 69. 1 173 20. 14 47. 4 
35. 2 169 20. 71 44. 9 55. 6 210 69. 2 181 22. 07 50. 0 
35. 3 161 20. 34 46. 1 57. 3 196 69 . 3 190 24. 21 52. 7 
35. 4 161 20. 73 47. 0 58. 4 196 69. 4 197 25. 15 49. 2 
35. 5 149 19. 48 41. 0 59 . 3 196 69. 5 183 23, 64 45. 4 
35. 6 145 18. 99 41. 6 59. 4 196 69. 6 180 23. 18 47. 7 
35. 7 130 17. 00 39. 7 59 . 3 196 69. 7 181 23. 38 47. 8 
35. O 126 Li. 78  37 .  5  U -J • 0  156 5  5 .  O ISO 2  3 .  45 4  S .  
35. 9  108  14 .  57 33 .  3  61 .  2  196 69. 9  173  23 .  04 45. 7  
35. 0  98 13. 22 32 .  8  61. 2  196 69. 0  153 19. 77  45. 9  
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12. 1 160 19. 74 44. 7 56. 0 224 49. 1 187 21. 91 49. 4 53. 2 224 
12. 2 183 23. 18 50. 9 57. 5 224 49. 2 187 22. 86 52. 0 55. 5 224 
12. 3 192 25. 29 53. 9 59. 8 224 49. 3 186 22. 04 53. 7 53. 8 224 
12. 4 195 26. 46 54. 3 61. 6 224 49. 4 189 24. 14 54. 3 58. 0 224 
12. 5 189 25. 56 51. 2 61. 4 224 49. 5 185 23. 35 46. 6 57. 3 224 
12. 6 188 23. 60 53. 7 57. 0 224 49. 6 173 22. 10 48. 5 58. 0 224 
12. 7 189 26. 02 54. 1 62. 5 224 49. 7 160 20. 62 46. 4 58. 5 224 
12. 8 185 25. 51 52. 4 62. 6 224 49. 8 159 20. 73 47. 0 59. 2 224 
12. 9 170 23. 44 48. 7 62. 6 224 49. 9 155 20. 27 42. 1 59. 4 224 
12. 0 167 23. 14 50. 5 62. 9 224 49. 0 148 19. 17 45. 2 58. 8 224 
26. 1 186 22. 00 45. 9 53. 7 224 66. 1 168 19. 91 47. 9 53. 8 224 
26. 2 191 23. 48 51. 3 55. 8 224 66. 2 177 22. 77 48. 8 58. 4 224 
26. 3 196 24. 35 59. 4 56. 4 224 66. 3 169 21. 70 52. 9 58. 3 224 
26. 4 187 23. 52 56. 5 57. 1 224 66. 4 159 20. 91 48. 5 59. 7 224 
26. 5 186 23. 72 48. 6 57. 9 224 66. 5 148 19. 56 45. 1 60. 0 224 
26. 6 184 23. 83 •^0. 2 58. 8 224 66. 6 147 19. 49 43. 8 60. 2 201 
26. 7 175 22. 63 49. 3 58. 7 224 66. 7 149 20. 61 44. 3 62. 8 196 
26. 8 166 22. 05 48, 4 60 . 3 224 66. 8 149 20. 61 44, 8 62. 8 196 
26. 9 159 20. 31 45. 4 58. 0 224 66. 9 142 19. 74 43. 8 63. 1 196 
26. 0 163 21. 72 47. 1 60. 5 224 66. 0 135 18. 32 44. 1 61. 6 196 
32. 1 189 22. 23 44. 1 53. 4 224 75. 1 188 22. 86 48. 9 55. 2 224 
32. 2 191 23. 18 45. 5 55. 1 224 75. 2 179 22. 20 50. 5 56. 3 224 
32. 3 187 23. 31 48. 1 56, 6 224 75. 3 179 22. 55 52. 6 57. 2 224 
32. 4 184 23. 34 47. 6 57. 6 224 75. 4 177 22. 46 49. 6 57. 6 224 
32. 5 186 23. 64 45. 9 57. 7 224 75. 5 181 23. 12 50. 8 58. 0 224 
32. 6 183 23. 70 48. 4 58. 8 224 75. 6 177 22. 85 50. 9 58. 6 224 
32. 7 177 22. 61 47. 0 58. 0 224 75. 7 177 23. 16 51. 0 59. 4 224 
32- 8  160  9.1 . 2 5 48. 0  f in .  3  224 75 .  8  168 22 . 16 51. 5  59. 9  224 
32. 9  150 19 . 16 44 .  3  58. 0  224 75 .  9  166 21. 97 49. 0 60. 1 224 
32. 0  141 18. 29 43. 2  58. 9  224 75o  0  163 21. 43  50. 7  59. 7 224 
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2. 1 262 31. 62 81. 5 54 . 8 336 51. 1 218 25. 54 66. 7 53. 2 335 
2. 2 267 33. 29 79. 2 56 . 6 336 51. 2 222 27. 24 70. 7 55. 7 308 
2. 3 271 34. 68 82. 7 58 .1 336 51. 3 228 28. 72 79. 6 57. 2 308 
2. 4 269 34 . 25 78. 7 57 . 8 336 51. 4 225 28. 50 75. 2 57. 5 308 
2. 5 237 30. 75 76. 9 58 .9 336 51. 5 221 28. 52 69. 4 58. 6 308 
2. 6 244 32. 03 81. 8 59 .6 336 51. 6 200 25. 73 67. 2 58. 4 303 
2. 7 247 32. 75 82. 2 60 .2 336 51. 7 202 26. 61 62. 1 59. 8 280 
2. 8 232 30. 40 81. 7 59 .5 336 51. 8 200 26. 26 69. 6 59. 6 280 
2. 9 245 33. 94 73. 2 62 .9 336 51. 9 203 26. 91 59. 8 60. 2 2 80 
2. 0 240 32. 24 74. 1 61 .0 336 51. 0 197 26. 20 60. 8 60. 4 280 
25. 1 242 28. 99 71. 6 54 .4 336 57. 1 247 27. 9 6  70. 8 51. 4 336 
25. 2 227 28. 70 74. 3 57 .4 336 57. 2 246 29. 37 74. 3 54. 2 336 
25. 3 259 34. 06 78. 7 59 .7 333 57. 3 252 30. 81 75. 4 55. 5 336 
25, 4 224 29. 31 71. 7 59 .4 308 57. 4 249 31. 37 78. 6 57. 2 336 
25. 5 196 26. 08 65. 7 60 .4 308 57. 5 254 31. 44 74. 5 56. 2 336 
25. 6 175 23. 32 64. 6 60 .5 308 57. 6 247 31. 28 77. 3 57. 5 336 
25. 7 163 22. 73 64. 4 63 .3 308 57. 7 236 29. 89 74. 7 57. 5 336 
25. 8 175 24. 28 65. 7 63 .0 308 57. 8 222 28. 70 72. 6 58. 7 336 
25. 9 187 25. 82 60. 5 62 .7 308 57. 9 236 32. 22 68. 2 62. 0 336 
25. 0 191 26. 54 61. 9 63 .1 308 57. 0 229 28. 95 71. 3 57. 4 325 
37 .  1  246  28 .  72  71 .  0  53  .0  336  68 .  1  216  25  .93  71 .  0  54 .  5  336  
37 .  2  263  32 .  50  77 .  6  56  . 1  336  68 .  2  206  25  .93  70 .  7  56 ,  2  336  
37 .  3  267  34 .  29  78 .  S  58  .  3  336  68 ,  3  205  26  .  50  77 .  S  58 .  7  336  
37 .  4  255  32 .  57  71 .  5  58  .0  336  68 .  4  195  25  .34  77 .  3  59 .  0  336  
37 .  5  238  31 .  14  71 .  5  59  .4  336  68 .  5  180  23  .67  71 .  1  59 .  7  336  
37 .  6  225  29  .  19  72 .  0  58  .9  336  68 .  6  173  23  .36  72 .  9  61 .  3  336  
37 .  7  226  30 .  27  72 .  1  60  .8  336  68 .  7  168  22  .54  72 .  7  60 .  9  336  
2  31  -» 3  O 1  m  A O /T C  n  A T O / U U KJ _L V  ù '1 KJ 
37 .  9  218  28 .  95  66 .  5  60  .3  335  68 .  9  170  22  .69  62 .  9  60 .  6 308  
37 .  0  227  29 .  95  66 .  1  59  .9  336  68 .  0  175  23  .32  63 .  6  60 .  5  308  
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8. 1 241 29. 20 68. 7 55. 0 336 48. 1 276 33. 50 72. 4 55. 1 336 
8. 2 273 34. 87 74. 9 58. 0 336 48. 2 254 31. 94 74. 5 57. 1 336 
8. 3 261 33. 57 78. 1 58. 4 336 48. 3 232 29. 84 73. 7 58. 4 320 
8. 4 258 34. 32 78. 3 60 . 4 336 48. 4 238 31. 72 75. 0 60. 5 308 
8. 5 232 31, 12 70. 3 60. 9 320 48. 5 192 25. 25 59. 7 59. 7 308 
8. 6 218 29. 82 71. 1 62. 1 308 48. 6 185 25. 06 62. 5 61. 5 280 
8. 7 207 28. 40 75. 5 62. 3 308 48. 7 206 28. 31 62. 4 62. 4 280 
8. 8 188 2 5 .  96 67. 5 62. 7 308 48. 8 193 26. 78 63. 0 63. 0 2 80 
8. 9  163 23. 48 56. 4 65. 4 308 48. 9 167 23. 39 54. 7 63. 6 280 
8 .  0 19 8 26. 56 63. 7 62, 9 308 48. 0 172 23. 68 54. 8 62. 5 280 
14. 1 239 2 8 .  27 72. 3 53. 7 336 65. 1 262 31. 28 69. 8 54. 2 336 
14. 2 244 29. 34 77. 9 54. 6 336 65. 2 270 33. 84 73, 5 56. 9 336 
14. 3 208 25. 79 74. 5 56. 3 336 65. 3 264 33. 61 77. 1 57. 8 336 
14. 4 261 33. 40 79. 9 58. 1 336 65. 4 268 34. 59 75. 0 58. 6 336 
14. 5 248 31. 57 70. 8 57. 8 336 65. 5 245 31. 08 69. 6 57. 6 336 
14. 6 238 30. 88 7 3 .  4 5 8 .  9 336 65 - 6 228 29. 73 71. 5 59 . 2 336 
14. 7 243 32. 28 73. 0 60. 3 336 65. 7 225 29. 29 70. 4 59. 1 336 
14. 8 237 30. 80 74. 3 59 . 0 336 65. 8 198 26. 38 70. 3 60. 5 336 
14. 9 216 28. 31 65. 4 59. 5 336 65. 9 208 27. 08 65. 1 59 . 1 336 
14. 0 204 26. 96 64. 1 60. 0 336 65. 0 206 26. 95 66. 6 59. 4 336 
28. 1 2 5 7  30. 00 69. 1 53. 0 336 74. 1 259 30. 98 68. 0 54. 3 336 
28. 2 271 33. 31 74. 6 55. 8 336 74. 2 267 32. 93 72. 6 56. 0 336 
28. 3 273 34. 16 78. 3 56. 8 336 74. 3 267 34. 11 70. 8 58. 0 336 
28. 4 272 34. 39 76. 2 57. 4 336 74. 4 275 35. 13 69. 4 58. 0 336 
28. 5 243 31. 42 67. 9 5 8 .  7 336 74. 5 266 34. 22 75. 3 58. 4 336 
28. 6 243 31. 31 70. 7 5 8 .  5 336 74. 6 258 33. 70 75. 5 59 . 3 336 
28. 7 246 32. 35 72 . 4 59. 7 3 3 6  74. 7 2 5 2  33 .  52 74. 5 60. 4 336 
28 .  S  235 J X . 00 73 .  0  59  .  9  335  7 4. S 245 33 ,  24  75 .  7  V X Q / r  V 336  
28 .  9  2 3 0  2 9 .  94 64. 1  59 .  1  321 74. 9  261 34. 61 70. 7 60. 2  3 3 6  
28 .  0  224 2 9 .  36 64. 1  59 .  5  30 8 74 .  0  2 3 7  31 .  53  66. 2  60. 4 336 
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11. 1 256 31, 32 71, 2 55. 5 336 42. 1 275 32. 50 72. 6 53. 6 336 
11. 2 269 33, 92 75. 9 57. 2 336 42, 2 238 28. 65 65. 8 54. 6 295 
11. 3 282 36. 62 80. 6 58. 9 336 42. 3 223 27. 29 64. 6 55. 5 280 
11. 4 272 36. 58 81. 2 61. 0 336 42. 4 203 25. 55 57. 6 57. 1 257 
11. 5 268 36, 93 74. 5 62. 5 336 42. 5 193 24. 76 53. 0 58. 2 252 
11. 6 255 34. 52 79. 0 61. 4 336 42. 6 188 24. 29 55. 0 58. 6 252 
11. 7 249 33. 60 78. 1 61. 2 336 42. 7 188 24. 83 53. 8 59. 9 252 
11. 8 222 30. 64 79. 0 62, 6 336 42. 8 182 23. 63 55. 1 58. 9 252 
11. 9 232 31. 51 71. 0 61. 6 336 42. 9 160 20. 81 50. 0 59. 0 252 
11. 0 205 26. 98 66. 7 59. 7 318 42. 0 132 17. 32 47. 7 59. 5 252 
22, 1 255 30. 30 73. 8 53. 9 336 62. 1 260 31. 24 70. G 54. 5 336 
22. 2 252 32. 22 74. 7 58. 0 320 62. 2 257 32. 24 72. 8 56. 9 336 
22. 3 251 32. 59 71. 5 58. 9 308 62. 3 253 33. 08 75. 1 59. 3 336 
22. 4 241 31. 98 67. 9 60. 2 298 62. 4 255 33, 96 75. 1 60. 4 336 
22. 5 19 2 24. 89 57. 7 58. 8 280 62 . 5 217 29. 23 65. 9 61. 1 314 
22. 6 19 3 25. 57 59. 9 60. 1 280 62. 6 212 28, 74 66. 1 61. 5 308 
22. 7 185 24. 55 59. 2 60. 2 280 62. 7 222 29. 56 67. 8 60. 4 308 
22. 8 183 24. 17 59. 6 59. 9 280 62. 8 195 26. 48 61. 8 61. 6 308 
22. 9 165 21. 72 53. 3 59. 7 280 62. 9 191 25. 60 59. 9 60. 8 30 8 
22. 0 166 22. 43 51. 9 61. 3 269 62. 0 201 27. 52 59. 8 62. 1 308 
31. 1 243 28. 07 71. 1 52. 4 336 71. 1 258 31. 68 71. 4 55. 7 336 
31. 2 254 31, 02 74. 4 55. 4 336 71. 2 260 32. 79 74. 7 57, 2 336 
31. 3 254 32. 65 74. 1 58. 3 322 71. 3 262 33. 96 77. 6 58, 8 336 
31. 4 237 31. 35 72. 4 60. 0 308 71. 4 266 35. 30 75. 6 60, 2 336 
31. 5 230 30. 68 67. 5 60. 5 308 71. 5 269 35. 82 72. 4 60, 4 336 
31. 6  231 30. 61 70. 3  60. 1 308 71. 6 258 35. 27 74. 9 62. 0 336 
31 .  7  211  2  3 .  3  S  5  S .  G 61 .  30  8  -7 1 ! _L a 7  3  ^  47  74. g  5  3 .  n  336  
31 .  8  222 30 ,  15  68 .  2  61 ,  6  307  71 .  8  215 29. 67  69. 3  62. 6 326  
31 ,  9  218  29. 41  59 .  3  61 .  2  280 71 .  9  216  30 .  00  61 .  9  63. 0  308 
31 .  0  161  21 ,  30  52. 2  60 ,  0  261  71. 0  209  28. 75 62 .  1 62. 4 308 
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5 .  1  271  36 .  41  71 .  8  61 .  0  336  45 .  1  271  31 .  94  71 .  6  53 .  5  336  
5 .  2  278  35 .  58  73 .  4  58 .  1  336  45 .  2  277  33 .  92  77 .  0  55 .  6  336  
5 .  3  270  35 .  56  77 .  8  59 .  8  336  45 .  3  277  34 .  59  80 .  2  56 .  7  336  
5 .  4  272  36 .  31  75 .  2  60 .  6  336  45 .  4  282  35 .  84  80 .  2  57 .  7  336  
5 .  5  254  34 .  30  72 .  5  61 .  3  336  45 .  5  250  32 .  21  73 .  1  58 .  5  336  
5 .  6  254  34 .  35  76 .  3  61 .  4  336  45 .  6  235  30 .  18  75 .  2  58 .  3  336  
5 .  7  267  36 .  17  76 .  6  61 .  5  336  45 .  7  253  33 .  05  77 .  0  59 .  3  336  
5 .  8  268  36 .  48  81 .  4  61 .  8  336  45 .  8  241  31 .  58  75 .  7  59 .  5  336  
5 .  9  240  33 .  04  71 .  3  62 .  5  336  45 .  9  213  27 .  96  70 .  3  59 .  6  336  
5 .  0  244  33 .  16  74 .  6  61 .  7  336  45 .  0  222  28 .  65  72 .  1  58 .  6  336  
17 .  1  244  29 .  02  71 .  1  54 .  0  336  54 .  1  271  31 .  70  68 .  9  53 .  1  336  
17 .  2  285  35 .  15  75 .  1  56 .  0  336  54 .  2  282  35 .  40  74 .  3  57 .  0  336  
17 .  3  281  35 .  90  76 .  6  58 .  0  336  54 .  3  279  35 .  52  77 .  3  57 .  8  336  
17 .  4  249  32 .  19  76 .  0  58 .  7  328  54 .  4  276  36 .  05  77 .  7  59 .  3  336  
17 .  5  243  32 .  06  69 .  1  59 .  9  308  54 .  5  265  34 .  50  72 .  1  59 .  1  336  
17 .  6  238  31 .  66  70 .  1  60 .  4  308  54 .  6  253  32 .  99  72 .  0  59 ,  2  335  
17 .  7  229  30 .  52  69 .  9  60 .  5  308  54  .  7  212  28 .  44  66 .  2  60 .  9  308  
17 .  8  213  30 .  54  69 .  8  65 .  1  30  8  54 .  8  228  30 .  18  68 .  6  60 .  1  308  
17 .  9  192  25 .  25  62 .  3  59 .  7  30  8  54 .  9  207  27 .  81  61 .  0  61 .  0  308  
17 .  0  196  25 .  90  66 .  4  60 .  0  30  8  54 .  0  194  26 .  19  61 .  9  61 .  3  308  
34 .  1  248  30 .  21  69 .  6  66 .  3  336  77 .  1  276  32 .  83  70 .  9  54 .  0  336  
34 .  2  266  33 .  69  74 .  7  57 .  5  336  77 .  2  280  34 .  78  71 .  8  56 .  4  336  
34 .  3  258  33 .  58  79 .  3  59 .  1  336  77 .  3  280  34 .  91  76 .  7  56 .  6  336  
34 .  4  260  34 .  19  72 .  0  59 .  7  336  77 .  4  284  35 .  53  79 .  7  56 .  8  336  
34 .  5  256  33 .  83  73 .  4  60 .  0  336  77 .  5  261  35 .  52  73 .  2  58 .  3  336  
34 .  6  239  32 .  69  75 .  2  62 .  1  336  77 .  6  254  33 .  51  76 .  0  59 .  9  336  
34 .  7  235  31 .  68  72 .  6  61 .  2  336  77 .  7  248  32 .  45  74 .  6  59 .  4  336  
34 .  8  217  29 .  59  72 .  5 61. 9 336 77. 8  245  32. S 7 7b. u 61. 1 336 
34 .  9 238  32. 24 69 .  4 61. 5 336 77, 9 244 32 .  51  70 .  4 60 .  5 336  
34 .  0  231  31 .  34  73 .  7 61. 6 336  77 .  0  232  31 .  07  74 .  0  60 .  8  336  
